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Chapter -1

Apology

This is the celebrated Green Book on geometric group theory edited by Etienne
Ghys and Pierre de la Harpe. The original title is in French. It is inaccessible
for students whose primary means of accessing knowledge is English. Here I am
referring more to non-native English speakers, who have already gone through
the process of learning a second language to explore the mathematical world.

W.E. Grosso has a rough translation of this book. His work is available
online for free. However the copy that we found goes up to Chapter 7 of the
Springer title ‘About Hyperbolic Groups after Mikhail Gromov’. In this volume
we have covered the entire book.

This project was taken up in the student research seminar at Cheentan
Research Foundation. This continues to be a work in progress as we dig deeper
into each of the chapters. The following students participated in the process.

1. Soumyadip Kar

2. Supriti Laha

3. Subhadip Banerjee

4. J V Raghunath

Subarna Ghosh helped in proof reading and fine tuning the content.

When we began this reading project we knew almost no French. All student
participants were advanced undergraduates or early graduate school students
with limited understanding of geometric group theory. At any rate this has
been a labor of love.

We did not include the Appendix from the Springer version (on small can-
cellation groups by Ralph Strabel) as it is written in English. However we did
include the Chapter 10 of Springer edition for the sake of continuity (though it
is in English as well).
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We think that some beginners in the field of geometric group theory may
find this translation useful. Hence we have made a free copy available in the
internet with the sole objective sharing knowledge.

Let us know if you find errors or have suggestions for improvement.

Thank you,

Ashani Dasgupta

Cheentan Research Foundation

Calcutta, 2023

ashani.dasgupta@cheenta.com
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Chapter 0

Preface

- Ça faut avouer, dit Trouscaillon qui, dans cette simple ellipse, utilisait hyper-
boliquement le cercle vicieux de la parabole. - Bon, dit le Sanctimontronais, j’y
vais. (R. Queneau, Zazie dans le métro, Chapitre X.)

The study of infinite groups has always been closely related to geometric
considerations: study of displacements of Euclidean space R3 (Jordan, 1868),
Erlangen program (Klein, 1872), works of Lie and Poincaré. The combinatorial
approach to groups, based on the notion of presentation, goes back to Dyck
(1882) but owes its development first to Dehn (from 1910) (see [CM82]). Dehn’s
decisive results on the fundamental groups of surfaces are marked by a crucial
geometric ingredient which is negative curvature. This same ingredient is the
basis of Gromov’s fundamental work on hyperbolic groups, as we see sketched
in [Gro81a], [Gro84] and taken up in [Gro87a]. We are convinced that the
importance of this work in the development of group theory is comparable to
those already cited by Klein and Dehn.

In the summer semester of 1988, the Third Cycle Romand of Mathematics
organized in Bern a “Swiss Seminar” on hyperbolic groups. Here are the notes.
For their proper use, three preliminary remarks seem appropriate to us. First,
these notes in no way constitute a treatise (which remains to be done) on the
foundations of the subject. Second, of all the ideas contributing to the wealth
of M. Gromov’s theory, many are simply not discussed here; other shortcomings
are only mentioned at the end of the overview. Finally, for the points we address,
our exposition frequently differs from that of M. Gromov, often by limiting the
scope of the statements.

Great ideas can be expressed in many ways... M. Gromov has chosen to
focus on the essentials and give little importance to the details. The reader is
constantly solicited! There are assertions without proof (for example that of the
genericity of hyperbolic groups, see 0.2.A of [Gro87a]) and definitions not fully
formulated (the topology and the metric on the boundary, see 1.8.B of [Gro87a].
There are also technical lemmas, whose proofs, although elementary, require in
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our opinion more astuteness than should be expected of the reader (for example
Lemma 7.1.C and its sequel 8.2.A). There are still profound results which seem
to us to stem as much from conjecture and from the research project as from
the usual notion of theorem-with-proof (for example the sections 5.5 and 5.6
of [Gro87a] on the infinite quotients of hyperbolic groups). We would like to
take these criticisms as the expression of our occasional frustration when reading
[Gro87a]; they should hide neither our immense admiration for M. Gromov’s
ideas nor the pleasure that his text gave us. As you will have understood,
these notes are mainly from [Gro87a]. However, many other mathematicians
have contributed to the ”hyperbolic theory”. Besides Mostow, Rips, we must
also mention Cannon, Epstein, Holt, Paterson, Thurston and their theory of
automatic groups which we will unfortunately not discuss. It should also be
noted that the idea of writing notes inspired by [Gro87a] is not original, as
evidenced by several essentially simultaneous and independent attempts, due to
B. Bowditch [Bow91], M. Coornaert, T. Delzant and A. Papadopoulos [CDP89],
H. Short et al. [sho89], and no doubt others.

The various chapters of these notes, most often taken from oral presentations,
are written by various authors. The editors have tried, as far as possible, to
harmonize the notations but also to leave its individuality to each chapter. In
particular, there is a strong relationship between chapters 3 (M. Troyanov) and
10 (W. Ballmann). These chapters could just as well have been placed one after
the other as the following “guidiline” shows:

Many participants in various “hyperbolic seminars” have contributed to our
understanding of the subject, even if their names do not appear explicitly among
the signatories of the chapters which follow. In particular Norbert A’Campo,
Marc Burger, David Epstein, Thierry Giordano, Jens Heber, Frédéric Paulin
and Christophe Pittet gave us their helpful suggestions. In addition, André
Haefliger’s encouragement and clarifications were very valuable to us, much more
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than the small number of chapters he was willing to (co-)sign might suggest.

But we especially thank Mikhael Gromov for his friendly presence, during
several days spent discussing with us many points of his article. This oral and
immediate help was irreplaceable in allowing us to approach the study of this
beautiful mathematics.

Finally, we are very grateful to the Marc Birkigt Fund, thanks to whose
generosity this work was made possible.

Preface 8



Chapter 1

Overview

Etienne Ghys and Pierre de la Harpe

Translated and read by Soumyadip Kar as a part reading project at Cheentan
Research Foundation

The beginning of this chapter is a plea for a geometrical approach of groups
of finite type, i.e. groups generated by finite number of elements. The notion of
hyperbolic group is defined in Section 1.4, where we present the essential results
of our exhibition. The last section uses a few important parts of Gromov’s
article [Gro87a] which are not included in these notes.

1.1 Goal

We attribute to M. Gromov the assertion that a theorem valid for all groups can
only be trivial or unimportant. Indeed, the most spectacular results obtained
to date by the combinatorial theory of infinite groups deal with specific classes
of groups such as the well-developed theories of abelian, nilpotent, polycyclic,
solvable, amenable, etc. Even if the interest of these categories of groups is
beyond doubt, it is however clear that they are far too restrictive. Who would
dare claim that the groups of interest are mostly solvable, for example?

Apart from these well-understood “minorities” whose structure is finally
quite simple, we have a number of group examples whose study has proved nec-
essary and fruitful: free groups, fundamental groups of surfaces, braid groups, ...
Although these particular groups are of great importance, above all they must
be considered as points of reference giving a first idea of the “typical” behavior
of a finitely generated infinite group.

The theory of hyperbolic groups offers an extremely satisfactory compromise
in the face of this generality-interest opposed to that of combinatorial group
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theory. In this theory, we define a very large class of finitely presented groups
for which we can nevertheless prove structure results with astonishing accuracy.
We give below a definition and some important properties of these groups. Very
roughly, they behave “as if” they were fundamental groups of compact manifolds
of negative curvature. Even though hyperbolic groups are not exactly of this
kind, they have several crucial properties of these.

This is certainly not the first attempt in this direction. The most elaborate
example is undoubtedly given by the theory of small cancellation groups. We
have dedicated an appendix of these notes to this theory, which enters largely
into hyperbolic group’s theory. However, this small cancellation is still quite
important for at least two reasons. The first is that it constitutes one of the
main motivations of the theory of hyperbolic groups and that it remains an
appreciable source of interesting examples. The second is that, strictly speaking,
this theory is not completely contained in that of M. Gromov; for example, the
groups C ′( 15 ) (see Definition 2 of the appendix of R. Strebel) still escape the
“hyperbolic techniques”. However, we too quickly realize particular character of
the small cancellation groups. For example, the fundamental group of a compact
manifold with negative curvature of dimension greater than or equal to 3 is never
a small cancellation group, because the groups which has small cancellation are
of rational cohomological dimension at most 2. This is a drawback of the theory
which no longer exists in the “hyperbolic” theory.

However, It must be recognized that the theory of hyperbolic groups, al-
though covering a wide area, does not account for all the groups that interest
us! A serious flaw in the theory is that the uniform discrete subgroups of semi-
simple Lie groups of real rank at least two are never hyperbolic, and these ex-
amples of groups have an indisputable interest. Perhaps the study of hyperbolic
groups should be considered as a stage, before that of an even more extended
class that M. Gromov already introduces “semi-hyperbolic” although no defini-
tion has been given to date. Typical examples of semi-hyperbolic groups are
already clear: in addition to examples of subgroups mentioned above, it would
be appropriate that the fundamental group of a compact manifold with negative
or 0 curvature is semi-hyperbolic.

The following chapters are devoted to the exposition of a part of the theory
of hyperbolic groups of M. Gromov. We believe that this theory is (and will
remain) fundamental in the combinatorics of groups because it finally offers a
global vision of the structure of many groups of finite presentation. One of
the most interesting aspects of the theory is undoubtedly the general method of
approach, which we can hope will also be the basis of the future semi-hyperbolic
theory.

Overview 10
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1.2 Method

Our method is (of course) geometric. The main idea is apart from the algebraic
structure, a finitely generated group can be endowed with a geometric structure,
more precisely with a distance function. Then the study of the group can be
done with the help of the underlying metric space.

Let Γ be a finitely generated group and S be the finite set of generators of
Γ. For simplicity, we always consider the identity element of Γ, e /∈ S and S is
symmetric, i.e, if γ ∈ S, then γ−1 ∈ S.

If γ is an element of the group Γ, we call length of γ relative to S is the
minimum number of elements of S necessary for writing the element γ and it
is denoted as ℓS(γ). If γ1 and γ2 be two elements of Γ, we define the distance
between γ1 and γ2 relative to S as ℓS(γ

−1
1 γ2) and it is denoted as dS(γ1, γ2).

Proposition 1.2.1. The distance function dS is a metric in Γ, which is invari-
ant under left transformation of Γ.

Two criticisms can be made about the distance function dS . Firstly, it de-
pends on the choice of a set of generators; secondly, it does take only integer
values, therefore, the metric space on which dS is defined is discrete.

The second point is not a serious problem, we can fix it by using intuition.
This is possible by using the classical construction of the Cayley graph.

Figure 1 The Cayley graph of Γ = Z and S = {1,−1}

Figure 2 The Cayley graph of Γ = Z2and S = {±(1, 0),±(0, 1)}

Overview 11
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A Cayley graph is a non-oriented graph (i.e. a graph which is a geometric
realization of a 1−dimensional simplicial complex) without loops or circuits and
it is denoted by G(Γ, S), whose vertices are the elements of Γ and edges are of
the form (γ1, γ2), where γ1, γ2 ∈ Γ and γ−11 γ2 ∈ S with the distance metric
dS(γ1, γ2) = 1,

It is clear that the left translations of Γ on itself allows us to define an
action of Γ on G(Γ, S) by simplicial automorphisms. We can equip the edges of
the graph with Riemannian metrics, which isometrically send each edge to an
interval of length 1 and which are globally invariant under the action of Γ.

We define a distance on G(Γ, S), considering the lower bound of the lengths
of the paths joining two given points of Γ. In this way, G(Γ, S) becomes a metric
space connected by arcs, and the natural embedding of (Γ, ds) in G(Γ, S) is an
isometry. Although its introduction is “superficial”, this Cayley graph, however,
makes it possible to visualize Γ. The above figures show three simple examples
of the Cayley graph. Others will follow.

Example 1.2.2. Heisenberg group- Heisenberg group Γ is generated by three
generators a, b, c and has relations

ca = ac, cb = bc, bab−1a−1 = c

This is the simplest example of a non-abelian nilpotent group. All elements of
Γ is of the form ambncp, where (m,n, p) ∈ Z3. The map

ϕ : ambncp →

1 n p
0 1 m
0 0 1


is a homomorphism of Γ in SL3(Z). It follows that all elements of Γ can be
written uniquely in the form ambncp and ϕ is an isomorphism on its image. The
center of Γ is the infinite cyclic group generated by c and the quotient of Γ by
its center(⟨c⟩) is a free abelian group of rank 2, generated by the elements of a
and b.

We can represent Γ by the points of the Z3 in R3. The formulas

(ambncp)a = am+1bncp+n

(ambncp)b = ambn+1cp

(ambncp)c = ambncp+1

show how to connect the dots of Z3 to obtain the Cayley graph G(Γ, S). Each
cut for a constant n is a copy of the Cayley graph of Z2 represent in the Figure
3 of Section ??, but the point (m,n, p) must be connected to the neighbouring
point (m,n+1, p+m) and (m,n−1, p−m), as indicated on the following figure.

Overview 12
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Before considering other examples, we must answer the second criticism, which
was made after Proposition 1.2.1: the distance depends on the choice of a set
of generators.

Example 1.2.3. In the group Z choose the set of generators (±2,±3). Then
the associated Cayley graph looks like this.

Of course this graph is different from that of Figure 1 in the Section 1.2,
but they look similar from far. In order to develop this concept of ‘similar
from far’, we introduce the following definition.

Definition 1.2.4. Let X and X ′ be two metric spaces. We say that (X, d) and
(X ′, d′) are quasi-isometric if there exist a function f : X → X ′ and g : X ′ → X
as well as constants λ ≥ 0, C ≥ 0 such that

d′(f(x), f(y)) ≤ λ(x, y) + C ∀x, y ∈ X

d(g(x′), g(y′)) ≤ λd′(x′, y′) + C ∀x′, y′ ∈ X ′

d(g(f(x)), x) ≤ C ∀x ∈ X

d′(f(g(x′))), x′) ≤ C ∀x′ ∈ X ′

The first two inequalities mean that f and g are “Lipschitz from a great
distance.” And the last two inequalities mean that f and g are almost inverse
of each other or we can say f ◦ g and g ◦ f are almost identity mapping from
X ′ → X ′ and X → X respectively.

Overview 13
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Exercise 1.2.5. Verify that quasi-isometry is an equivalence relation between
metric spaces.

Example 1.2.6. Equip ∼ with its usual metric of R and Z of the metric induced
by the embedding of Z in R. This embedding one and other hand allows us to
show that Z is quasi-isometric to R. (Since the inverse map is not continuous it
is not a homeomorphism.)

More generally if Γ is a group generated by a finite set S, then Γ equipped
with the metric dS is quasi-isometric to Cayley graph G(Γ, S), equipped with
the distance metric that we have previously described in the Section 1.2.

If S and S′ are the finite generators of the group Γ, then the two associated
metric spaces (Γ, dS) and (Γ, d′S) are quasi-isometric to each other. Indeed, if
λ1 is the supremum of the length l′S on S and λ2 is the supremum of the length
lS on S′, by the definition of quasi- isometry we have

d′S ≤ λ1dS and dS ≤ λ2d
′
S

In summary, we can associate a metric space with a finitely generated group
Γ well defined up to quasi-isometry: this is the group equipped with metric dS
for any finite set of generators S such that (e ̸∈ S and S−1 = S) to any quasi-
isometry invariant of (Γ, dS), therefore determines an invariant of the group Γ.
In this approach of the characterization that we are following, two groups will
not be distinguishable if they are quasi-isometric to each other.

1.3 Quasi-Isometries and Isomorphisms

We will first test by examples the relation of quasi-isometry between groups,
and see thereby that it is remarkably adapted to our purpose, being neither too
loose nor too strict. The general idea is that, although it identifies certain groups
which are not isomorphic with each other, this relation of quasi-isometry never-
theless keeps track of the algebraic structure. The first examples below clarify
the difference between isomorphism and quasi-isometry. Recall that the groups
considered here are always of finite type. Recall that the groups considered here
are all finitely generated.

Example 1.3.1. All finite groups are quasi-isometric to each other. This follows
from the fact that two bounded metric spaces (i.e. of finite diameters) are quasi-
isometric.

Proposition 1.3.2. If Γ1 is a finite index subgroup of Γ, then Γ1 and Γ are
quasi isometric.

One could prove this proposition directly, by choosing suitable generators
for Γ and Γ1. However, we prefer to postpone the proof of this to Chapter 3,
where it appears as a consequence of a more general result concerning group
actions (Proposition 3.3.3).

Overview 14



Hyperbolic Groups

Corollary 1.3.3. Two commensurable groups, that is to say containing iso-
morphic subgroups of finite index, are quasi-isometric to each other.

Example 1.3.4. The (non-abelian) free group with k generators (k ≥ 2) is
isomorphic to a finite index subgroup of the free group of two generators. Two
non-abelian free groups of distinct ranks are thus quasi-isometric, although not
isomorphic.

In the same way, we know that the group PSL2(Z) is isomorphic to the free
product of Z/2Z, Z/3Z and contains a free subgroup of index 6. Therefore the
group PSL2(Z) is quasi-isometric to the free group with two generators. The
following figure shows that the Cayley graph of the free product of Z/2Z, Z/3Z,
with respective generators a and b and also the Cayley graph (in bold) of the
free subgroup generated by aba−1b, a−1bab.

However, quasi-isometry cannot be reduced to commensurability. Here is
one way to show it.

Proposition 1.3.5. Let M be a compact Riemannian manifold. The funda-
mental group of M is quasi-isometric to the universal cover of M .

For the proof, see Corollary 3.3.5.

Corollary 1.3.6. There exist quasi-isometric groups, which are not commen-
surable.

Proof. Let M1 and M2 be two 3−dimensional compact Riemannian manifolds
with curvature −1 whose ratio of the volume is irrational (see [Thu79] for ex-
amples). The fundamental groups of M1 and M2 are quasi-isometric to each

Overview 15
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other because they are quasi-isometric to the 3-dimensional hyperbolic space
by Proposition 1.3.5. If these groups were commensurable, M1, and M2 would
have finite coverings having isomorphic fundamental groups. These finite cov-
erings would be isometric according to Mostow’s rigidity theorem, which would
contradict the irrationality of the volume ratio of M1 and M2.

The following exercises show that even if two quasi-isometric groups are not
isomorphic they often have very similar algebraic properties.

Exercise 1.3.7. Let Γ be a finitely generated group; we choose a finite set of
its generators S and we write |x− y| instead of dS(x, y) ∀x, y ∈ Γ. We equip Z
with the usual metric. If Γ and Z are quasi-isometric, show that Γ has a cyclic
subgroup of finite index.

Hints -

First step - Show that there exist a surjective map f : Γ → Z and two
constants λ > 0, C ≥ 0 such that

1

λ
|x− y| − C ≤ |f(x)− f(y)| ≤ λ|x− y|+ C for all x, y ∈ Γ. (1.3.1)

for all x, y ∈ Γ. For every n ∈ Z, we choose xn ∈ f−1(n). That there exist a
D ≥ 0, such that

1

λ2
|xp − xq| −D ≤ |f(γxp)− f(γxq)| ≤ λ2|xp − xq|+D, (1.3.2)

∀γ ∈ Γ and p, q ∈ Z. In particular there exist a E ≥ 0, such that

|f(γxn+1)− f(γxn)| ≤ E, (1.3.3)

∀γ ∈ Γ and n ∈ Z.
Second step- If γ ∈ Γ, from the above two inequalities we can say that

there exists ϵγ ∈ (1,−1) such that

lim
k→∞

f(γxk) = ϵγ∞ and lim
k→∞

f(γx−k) = −ϵγ∞. (1.3.4)

If we replace Γ by a subgroup of index 2, then we can show that ϵγ = 1
∀γ ∈ Γ.

Third Step Show that there is a constant G ≥ 0, such that

f(γxk) ≥ f(γx0)−G and f(γx−k) ≤ f(γx0) +G, (1.3.5)

∀γ ∈ Γ and k ≥ 0.

Overview 16
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(Suppose for a constant H ≥ 0, there exist an element γ ∈ Γ and an integer
K ≥ 0, such that f(γxk) < f(γx0)−H. From inequality 1.3.2 we get the bound
H work as a function of k. From the inequality 1.3.3 and 1.3.4 we can say there
exist j ≥ k, such that |f(γxj)− f(γx0)| ≤ E, and from inequality 1.3.2 we can
show that the increase of j deduce the increase of H).

Fourth Step - Let us assume f(e) = 0, as x0 = e. (As we need to replace f
by x→ f(x)−f(e).) Show that there exists a constant K > 0 with the following
property: ∀γ ∈ Γ, f(γ) ≥ K and f(γ−1 ≤ −K), we have f(γn+1) > f(γn) and
f(γ−n−1) < f(γ−1) for all n ≥ 0.

(let f(x) = k for x ∈ Γ and k ≥ 0. we can increase f(xn+1) − f(xnxk) and
decrease f(xnxk)− f(xn) for all n ≥ 0 using 1.3.1 and 1.3.5. Deduce that

f(xn+1) ≥ f(xn)− [G− (λ2 + 1)C] (1.3.6)

On the other hand verify that

|f(xn+1)− f(xn)| ≥ 1

λ
|x− e| − C ≥ 1

λ2
(k − C)− C (1.3.7)

For large enough K. From 1.3.6 and 1.3.7 we can show that

f(xn+1) > f(xn).

Furthermore, if y ∈ Γ and K ≥ 0 such as f(y) = −k. We can verify that for
large enough k, f(y−n−1) < f(y−n) for all n ≥ 0.)

Fifth Step- Let us choose γ ∈ Γ such that f(γ) ≥ K and f(γ−1) ≤ −K,
so that the subgroup Γ0 of Γ generated by γ is infinite cyclic group. From 1.3.1
deduce that there is a constant R ≥ 0 with the following property: for all x ∈ Γ,
there exists n ∈ Z such that |γ−1x− e| ≤ R. Deduce that [Γ : Γ0] <∞

Theorem 1.3.8. For all n ≥ 1, a group quasi-isometric to Zn, contain a finite
index subgroup isomorphic to Zn.

It seems interesting to find an elementary proof of the above theorem. Failing
to do so, we limit ourselves by alluding to a more onerous argument after the
statement of Theorem 1.3.10; but before that we must first address the notion
of growth of a group.

Let Γ is a group generated by finite set S. Let us define for all N ∈ N

β(N) = Card {γ ∈ Γ : lS(γ) ≤ N}

The function β : N → N is the growth function of Γ relative to S. Given
an integer d ≥ 0, we say that Γ is growing polynomial of degree d, if there exist
two constants C1, C2 > 0 such that C1N

d ≤ β(N) ≤ C2N
d for all N ∈ N; it is

easy to check that this property is invariant under quasi-isometry. From this it
follows Zn and Zm are not quasi- isometric for n ̸= m.
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Example 1.3.9. The Heisenberg group is a polynomial growth of degree 4.
sketch this calculation, using the notations of Example 1.2.2.

First, we show this by using induction on the integer N that, if lS(a
mbncp) ≤

N, such that |m| ≤ N, |n| ≤ N and |p| ≤ N2. As a result β(N) ≤ (2N + 1)4.

Using the result bab−1a−1 = c, we get bqaqb−qa−q = cq
2

, we see that lS(c
p)

has the order
√
p. From this we can say that for all (m,n, p) ∈ Z3, such that

|m| ≤ N, |n| ≤ N and |p| ≤ N2, the length of lS(a
mbncp), is increased by

lS(a
m) + lS(b

n) + lS(c
p), is also bounded by the product of suitable constants

up to N , which resulted in β(N) ≥ kN4 for suitable constant k.

The Heisenberg group is therefore not quasi-isometric to Zn if n ≤ 3 or n ≥
5.We can show that it is also not quasi-isometric to Z4.More precisely, we know
how to associate any finitely generated nilpotent group Γ with a simply graded
nilpotent connected Lie group Gr(Γ) and a “Carnot-Caratheodory metric” dcc
on Gr(Γ), and we show (see [Pan83] and [Pan89]) that the pair (Gr(Γ), dcc)
related Gr(Γ) depends only on the quasi-isometry class of Γ. It is easy to verify
that Gr(Γ) is Rn if Γ = Zn, and the group of real matrices of the form1 y z

0 1 x
0 0 1


if Γ is the Heisenberg group. In particular, the Heisenberg group is not quasi-
isometric to a finitely generated abelian group.

An important theorem of Gromov [Gro81b] characterizes a group’s polyno-
mial growth.

Theorem 1.3.10. A group has polynomial growth if and only if it contains a
nilpotent subgroup of finite index.

In particular, a quasi-isometric group of Zn contains a nilpotent subgroup
of finite index. To prove the Theorem 1.3.8, it, therefore, remains to “locate
geometrically” the abelian groups and the nilpotent groups. This can be done.
Thanks to isoperimetric inequalities but we will not develop here this point
of the theory. Theorems 1.3.8 and 1.3.10 therefore show that if there are any
commutativity and nilpotency, the algebraic properties, are also geometric prop-
erties.

Exercise 1.3.11. Does the quasi-isometric solvable group contain a solvable
subgroup of finite index? An analogous problem, perhaps easier, is easily for-
mulated for polycyclic groups. Another for untwisted groups.

M. Gromov gives other examples of algebraic properties in [Gro81a] and
[Gro84]that hide a geometric aspect.

Theorem 1.3.12. Let Γ1 and Γ2 be two torsion-free quasi-isometric groups. If
Γ1 is the free product of a nontrivial group so is Γ2.
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The proof uses the famous result of Stallings that a torsion-free group is a
non-trivial free product if and only if it has an infinite number of ends. The
number of ends is invariant under quasi-isometry.

An analogous result that we prove in Chapter 7.

Theorem 1.3.13. A group quasi-isometric to a free group contains a free sub-
group of finite index.

Even if it means anticipating 1.4, let us also mention a result that appears in
[Gro84] and [Can89]. In the first reference, Gromov cites Mostow, Margulis, and
Tukia in this connection; in the second, Cannon cites joint work with Cooper.
See also the end of Chapter 11 of [Pan89].

Theorem 1.3.14. Let n ≥ 2 be an integer, and Γ be a torsion- free group.
If Γ is quasi-isometric to a uniform lattice in the Lie group O(n, 1), then Γ is
isomorphic to such a uniform lattice. (Uniform lattice = discrete subgroup with
compact quotient.)

Here one could continue an enumeration of “geometrical properties” of finitely
generated groups. In fact, we do not know of the principal property of finitely
generated groups which has been shown to is not geometric, i.e. it is not invari-
ant under quasi-isometry. Here are two more examples, in the form of exercises.

Exercise 1.3.15. Show that a group quasi-isometric to a group of finite pre-
sentation is itself of finite presentation.

Hint - Let Γ be a finitely generated group and S be the finite set of gen-
erators, and G(Γ, S) be the corresponding Cayley graph. For any real number
R > 0. Let L(R) be the set of all loops G(Γ, S) of the type ϕψϕ−1, where ϕ is
a path joining the base point to a point x of the graph and ψ is loop at x less
than the length R. First show that Γ is of finite presentation if and only if L(R)
generates the fundamental group of G(Γ, S) for large enough R.

Exercise 1.3.16. Show that if the quasi-isometric group has an amenable sub-
group then it is itself amenable.

Hint- Let Γ and S are as above. The boundary of a finite subset X of Γ is
denoted as δS(X) are set of points x ∈ X such that there exist y ∈ Γ−X with
dS(x, y) = 1. The isoperimetric constant of Γ is defined by

hS(Γ) = Inf{card (δSX)

card (X)
: X ⊂ Γ and X is finite .}

and we say that Γ is amenable if hS(Γ) = 0. Check that the annuiatioll of
the isoperimetric constant is independent of the choice of S, so that amenability
is an invariant under quasi-isometry.

As a complement to the exercise, show with the above definition that a group
with polynomial growth is amenable and that a free group is not. Finally,
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note that there are many other equivalent definitions of amenability see for
example [Eym75] for a general initiation, as well as pages 446 to 448 of [Con76]
for equivalence (due to Fliliner) in the case of discrete groups between the above
definition and the definition it using “means invariant”.

1.4 Presentation of the resultants

After we are convinced that it may be useful to consider a finitely generated
group as a metric space, we will define the hyperbolic groups. We start with
some preliminary definitions concerning a metric space (X, d). For the distance
between two points x, y ∈ X, we usually write |x− y|, instead of d(x, y).

Definition 1.4.1. Let x0 and x1 be two points of X and |x0 − x1| be their
distance. A geodesic segment in X with origin x0 and of extremity x1 is an
isometry g : [0, a] → X such that g(0) = x0 and g(a) = x1. It is sometimes said
that g is a parametric geodesic segment and that the image of g is a geometric
geodesic segment (or even, absolutely, a geodesic segment).

We say that X is a geodesic space, if for any pair of points x0, x1 ∈ X, there
is a geodesic segment [0, x0 − x1] → X of extremities x0 and x1 (we do not
require that there be the uniqueness of a such segment.) A geodesic triangle
with vertices x, y, z ∈ X is the union of three geodesic segments joining these
vertices two by two. Exceptional cases are considered, such as example of a
triangle or the points y and z coincide or the segments of x and y and of x and
z are distinct.

Example 1.4.2. Let Γ be a group generated by a finite set S. The Cayley
graph G(Γ, S) is a example of geodesic space. If Γ is not freely generated by S,
then G(Γ, S) has a circuit, and therefore contains pairs of points between which
there are several geodesic segments.

A complete Riemannian manifold is a geodesic space (Hopf-Rinow Theo-
rem). The example of antipodal points on the usual spheres shows that there
may be several geodesics segments having the same extremities. There are of
course remarkable cases where each pair of points determines a unique geometric
geodesic segment(simply connected varieties with curvature k ≤ 0).

Although two points x0, x1 of a geodesic space X do not determine a single
segment in general, nevertheless it is sometimes convenient to denote [xo, x1]
where one end of the geodesic segment is x0 and other is x1.

Definition 1.4.3. Let δ ≥ 0. A geodesic metric space X satisfies the following
condition for the constant δ, if for any geodesic triangle ∆ in X, the distance
from a point to any side of ∆ at the meeting of the other two sides is plus δ; in
formulas:

∆ = [x, y] ∪ [y, z] ∪ [z, x]
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and for all u ∈ [y, z], we have d(u, [x, y] ∪ [y, z]) ≤ δ.

A geodesic space X is said to be hyperbolic if there exists a number δ ≥ 0, such
that all geodesic triangle of X satisfies Rip’s condition for δ.

Example 1.4.4. Let T be a simplicial tree with a distance metric for which
each edge is isometric to the segment [0, 1] of the real line, and for which the
distance between two points is the lower bound of the lengths of the paths
joining these points. Any triangle of T is generated in the sense that each of its
sides is contained in the union of the other two. Such a tree is good hyperbolic
since it satisfies the Definition 1.4.3 for δ = 0.

To enter into our general conception, it is important that the notion of hyper-
bolicity must be invariant under quasi-isometry. In this case, it turns out that
the proof of this assertion is not trivial; which we will prove in Chapter 5.

Theorem 1.4.5. If two geodesic metric spaces X and X ′ are quasi-isometric,
then X is hyperbolic if and only if X ′ is a hyperbolic metric space.

The above theorem justifies the following definition.
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Definition 1.4.6. A finitely generated group is hyperbolic if the Cayley graph
of Γ and a finite set of generators of Γ is hyperbolic.

Theorem 1.4.5 shows among other things that the Cayley graph G(Γ, S) is
hyperbolic for any finite set of generators S of Γ whenever it is for a particular
system S0. It also shows that two quasi-isometric groups are at the same time
hyperbolic or not. The first examples of hyperbolic groups are immediate from
Figure ?? (Cayley graph of a free group) and Example 1.4.4:

Proposition 1.4.7. Any free group is hyperbolic.

Definition 1.4.3 is a possible definition of the hyperbolicity of a metric space,
but this is not the best definition suited to it all its needs. For this reason, we
give several equivalent definitions in Chapter 2, in the hope of helping the reader
to become familiar with this concept. Since the free group is not enough for an
illustration, we devote the bulk of Chapter 3 which has one of the main sources
of examples, moreover the one who suggested the name “hyperbolic”:

Theorem 1.4.8. The fundamental group of a compact Riemannian manifold
with negative curvature is a hyperbolic group.

A second family of examples, already mentioned in Section 1.1, in the pur-
pose of the appendix:

Theorem 1.4.9. Let Γ be a group which has a finite presentation satisfying the
minor simplification C ′(1/6), or to the hypotheses C ′(1/4) and T (4). Then the
group Γ is hyperbolic.

Note that these two families of examples are essentially disjoint. Indeed,
the only groups covered both by Theorem 1.4.8 and Theorem 1.4.9 are the
fundamental groups of the compact orientated surfaces of genus g ≥ 2 and
non-orientable surfaces of genus g ≥ 3.

However, hyperbolic groups greatly exceed these two families. Let us give
the first example of this fact:

Exercise 1.4.10. The free product of two hyperbolic groups is a hyperbolic
group.

Hint- We consider a number δi ≥ 0 and a group Γi generated by a finite
subset Si such that the metric space G(Γi, Si) satisfies the Rip’s condition for
the constants δi(i = 1, 2). Then S = S1US2 generates δ = δ1 ∗ δ2. Let ∆ =
[x, y]∪[y, z]∪[z, x] be a geodesic triangle of G(Γ, S). Using the normal form of the
elements of a free product, check that ∆ decomposes into geodesics triangles each
of which is isometric to a geodesic triangle in G(Γ1, S1) or G(Γ2, S2). Deduce
that G(Γ, S) satisfies the Rip’s condition for the constant max(δ1, δ2).
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To show the reader the breadth of the class covered by his theory, M. Gromov
uses a statistical statement. Let’s all consider presentations of groups involving
p generators and a sequence of q relations which are reduced words of these
generators. Being given the positive integers n1, n2, ..., nq, N(p, q, n1, ..., nq) is
the number of these presentations where the relations have lengths n1, ..., nq
respectively and let Nh(p, q, n1, ..., nq) be the number of those of them which
define hyperbolic groups. The following assertion by M.Gromov is not accom-
panied by a demonstration, nor even a sketch of proof, and we hesitate on its
status: theorem? conjecture? thus we introduce the following term.

Theorem 1.4.11. When n1, ..., nq tend to infinity, the ratio

Nh(p, q, n1, ..., nq)

N(p, q, n1, ..., nq)
tends to 1.

It is in this sense that a “group taken at random is probably hyperbolic”.

We have divided the properties that we show from the hyperbolic groups
into three categories. First we explore all the properties in Chapter 4 which
resulted directly from the definitions and of which the main ones are:

Theorem 1.4.12. Let Γ be a hyperbolic group. There is a finite- dimensional
polyhedron P and a simplicial action of Γ on P such that

1. The stabilizer of each simplex is finite,

2. The quotient of P by the action of Γ is compact,

3. P is contractible.

In particular it follows that Γ is of finite presentation and of finite dimentional
rational cohomological.

The second category of properties is the subject of Chapters 6 to 8. Let
us first recall the following construction. Let M is a compact n-Riemannian
manifold with negative curvature and M̃ is the universal covering of M. There
is a natural compactification ofM in which the complement δM̃ of M̃ is formed
by the including “limit points” of the geodesics. This set of points at infinity
δM̃ is homeomorphic to a n− 1 dimensional sphere on which the fundamental
group of M acts by homeomorphisms, and the study of π1(M) is done via this
“action at infinity” (see for example §8 of [Sch85]). A remarkable phenomenon
is that an important part of the above approach can be used in the case of
hyperbolic groups.
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Theorem 1.4.13. Let Γ be a hyperbolic group. There exists a compact met-
ric space δΓ which is called the boundary of Γ and on which Γ acts by quasi-
conforming homeomorphisms (this term will be defined in Chapter 6). More-
over, the space δΓ is well defined with quasi-conform homeomorphism by the
quasi-isometry class of Γ. When Γ is the fundamental group of a compact n-
Riemannian manifold M of negative curvature, δΓ is identified with the above
(n− 1) dimensional sphere δM̃.

The theorem will be greatly clarified in Chapter 7. We insist right now on
the fact that δT generally does not look like a sphere: it can be a Cantor set, or a
much more complicated compact space that can make one think of the universal
cover [Tod72]. Anyway, δT renders the same type of services in general as in the
case of the fundamental groups of various spaces with negative curvature. Let
us mention more specifically two applications: the first is a proof of Theorem
1.3.13; the second appears in Chapter 8 and reads as follows:

Theorem 1.4.14. Let Γ be a hyperbolic group. The centralizer of any infinite
order element in Γ contains a cyclic subgroup of finite index, and every amenable
subgroup of Γ contains a cyclic subgroup of finite index. Moreover, if Γ is not
amenable, then Γ contains a non-abelian free group.

It is a fundamental property of hyperbolic spaces that to “resemble trees”,
in a sense specified in Chapter 2. According to this, experience shows that it
is always advantageous to test the truth of a “hyperbolic statement” or the
effectiveness of a “hyperbolic proof” in the special case of trees. That’s what
we hope to show for what relates to the boundary in Chapter 6, devoted to the
boundary of a tree.

The third of the categories mentioned after Theorem 1.4.11 is discussed in
Chapter 9. This is again a generalization of the properties already known for
the fundamental groups of various space with negative curvature (results of J.
Cannon). In very vague terms here (but more precise in Chapter 9), we show
that the elements of a hyperbolic group can be described using a finite Markov
chain. In this introduction, we mention only one consequence of this “Markov
property”:

Theorem 1.4.15. Let S be a finite set of generators of a hyperbolic group Γ.
For any integer n ≥ 0, let σ(n) be the number of elements of Γ satisfying the
equation lS(γ) = n. Then the following series

ζ(t) =

∞∑
n=0

σ(n)tn

is a rational function of the variable t.

Once the basic techniques are in place, the hyperbolic theory is remarkably
flexible and efficient. To put these qualities in evidence, we have chosen to de-
velop the construction made by M. Gromov of finitely generated infinite groups
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all of whose elements are torsion. This construction is certainly not the first one
(see for example [Gol64] and [Gri80]), but it has the advantage of being very
natural.

Before describing this construction and examples, we introduce in Chapter
10 a general notion of a polyhedron with negative curvature. These are polyhe-
dra whose faces are provided with Riemannian metrics with negative curvature,
which satisfies a combinatorial condition expressing that the “curvature distri-
bution” at any point is negative. The fundamental group of a finite polyhedron
with negative curvature is hyperbolic, hence a new harvest of such groups. Just
as the notion of variety generalizes usefully in that of orbit fold, in the same
way, one introduces in Chapter 11 generalizes polyhedron. We again show that a
compact orbit-space with negative curvature naturally has a fundamental group
which is a hyperbolic group.

After the tools are developed, we obtain the following result:

Theorem 1.4.16. Let M be a compact manifold, at most generally a finite
polyhedron with negative curvature. The fundamental group ofM has an infinite
quotient all of whose elements are torsion.

Indeed, this theorem does not provide an example of an infinite group where
the orders of all the elements are bounded (we know that such groups exist,
see [AWL79], [Ol] and [Gup89]). However, We can hope to perfect the method
of M. Gromov to obtain such groups.

Let us cite two consequences of Theorem 1.4.16. It first allows to answer a
question formulated by [Day57], and already implicit in von Neumann [Neu29]:

Theorem 1.4.17. There exist finitely generated groups that are not amenable
and which do not contain any free abelian subgroups.

Again, this result was already known [Ol’80], but by a more obscure method.
The second consequence of Theorem 1.4.17 relates to Kazhdan’s property (T ),
(for infinite groups) which is a stronger property than non-amenability. All
examples known before the hyperbolic theory of groups possessing the property
(T ) were groups of finite presentation. We now have The following result:

Theorem 1.4.18. There are an uncountable number of finitely generated groups
that possess the property (T ). In particular, there exist some groups which are
not finitely presentable.

1.5 What these notes do not cover

M. Gromov’s article is too rich; we had to choose. To end this overview, we are
going to briefly mention three of the main aspects that we have not covered,
due to the lack of time and courage.
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The first concerns isoperimetric inequalities. Let Γ be a finitely presented
group and let X be a finite polyhedron whose fundamental group is isomorphic
to Γ. Let γ be a simplicial loop contained in the 1-skeleton of the universal
cover X̃ of X; denote l(γ) its length, that is to say, the number of 1-simplices of

which it is made. Since X̃ is simply connected, there is a simplicial disk whose
boundary is γ. Let A(γ) denote the minimal area, i.e. the minimum number of
2 simpleces of such a disk. We will say that Γ satisfies a linear isoperimetric
inequality if there exists a positive constant C such that, for all γ, we have:
A(γ) ≤ Cl(γ). It is not very difficult to prove that this property does not
depend on the choice of X.

Theorem 1.5.1. [Gro87b] If Γ is a finite presented group, the following con-
ditions are equivalent:

1. Γ is a hyperbolic group,

2. Γ satisfies a linear isoperimetric inequality.

The implication (1) = (2) results from the arguments similar to those from
Chapter 4. M. Gromov shows the converse (more tricky...) by using analyt-
ical techniques borrowed from the theory of minimal surfaces and Riemann
uniformization. An appendix of a recent preprint [GS90] gives an entirely ele-
mentary proof of this result, not using “analysis”. We also received notes from
B. Bowditch on this topic.

A second point that we would have liked to address the construction of the
geodesic flow of a hyperbolic group. Let V be a compact manifold endowed
with a Riemannian metric g with negative curvature. We know [Gro00] that
the geodesic flow of (V, g), operating on the unit tangent fiber T1(V ) to V,
depends only on the fundamental group of V. In particular, let (V ′, g′) be another
compact manifold with negative curvature and ϕ is an isomorphism between the
fundamental groups of V and V ′. Then, there exists a homeomorphism h(ϕ)
between T1(V ) and T1(V

′) sending the orbits of the geodesic flow of V on those
of the geodesic flow of V ′. Of course, h(ϕ) does not conjugate the flows because
the lengths of the periodic geodesics of V and V ′ can be different.

M. Gromov proposes a construction of the geodesic flow from the fundamen-
tal group. Let Γ be any hyperbolic group (which may not be the fundamental
group of a manifold with negative curvature). M. Gromov constructs ( [Gro87b],
paragraph 8.3) a space T1(Γ) well defined up to homeomorphism and a “geodesic
flow” on T1(Γ). This last flow is only defined up to topological equivalence i.e.
that is to say upto a homeomorphism preserving the orbits. Thus, a dynam-
ics is being attached to a hyperbolic group. This satisfies all the topological
properties of the geodesics flows of manifolds with negative curvature: topolog-
ical hyperbolicity, stable and unstable foliations, etc. The theory of hyperbolic
groups is thus linked to that of Anosov-Smale ...

Finally, we regret that these notes do not describe a magnificent construction
of M. Gromov that produces numerous examples. Starting from any polyhedron,
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we proceed to change its topology and associate a new one with a polyhedron
with negative curvature. If the initial polyhedron is a manifold, the new polyhe-
dron is still a manifold, naturally cobording with the first one. Since it follows
from the considerations of Chapter 10 that a polyhedron with negative curva-
ture is an Eilenberg-McLane space, we thus obtain new examples of compact
varieties which are such Eilenberg-McLane spaces. We know how much topolo-
gies are fond of these spaces... as an example, let us cite two results of M.
Gromov.

Theorem 1.5.2. Any compact manifold is in cobordism with a manifold which
is an Eilenberg-McLane space.

Theorem 1.5.3. If two manifolds are Eilenberg-McLane spaces and are in
cobordism, then they are also coborderd by a cobordism which is an Eilenberg-
McLane space.

The interested reader can find a description of these constructions, as well
as interesting developments in [DJ91].

Overview 27



Chapter 2

Hyperbolic metric spaces

Etienne Ghys and Pierre de la Harpe

Translated and read by Supriti Laha as a part reading project at Cheentan
Research Foundation

The first section contains a definition of hyperbolic spaces and indicates that
such spaces look like a tree (tangent sub-cone at infinity, Proposition 2.1.11).
The second section deals with approximating trees of a hyperbolic space (Theo-
rem 2.2.1). The third is devoted to many other equivalent definitions of hyper-
bolicity, valid for geodesic metric spaces (fineness of triangles); specifically, we
show in Corollary 2.3.7 that the Poincaré disk is hyperbolic (!!).

2.1 Definition of hyperbolicity

Let X be a metric space. We denote d(y, z) = |y − z|, as the distance between
two points y, z ∈ X.

Definition 2.1.1. Given a base point x, the Gromov product of two points
y, z ∈ X is:

(y|z)x = 1
2{|y − x|+ |z − x| − |z − y|}.

We can also write (y|z) if there is no ambiguity on the base point. The
triangle inequality shows that:

0 ≤ (y|z)x ≤ min{|y − x|, |z − x|}.

For example, if x, y and z are collinear, then (y|z)x = 0, if x is between y
and z (i.e. if |z−y| = |y−x|+ |x−z|). Otherwise, (y|z)x = min{|y−x|, |z−x|}.
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In order to explain the geometric meaning of the Gromov product, we in-
troduce the notion of metric tree. Let T be a tree, i.e., a connected cycle-free
graph, and let |T | be its geometric realization. Choose a real number ℓ(a) > 0
for each edge a of |T |. Then there exists a unique metric on |T | (close to isomet-
ric) which is maximal for the following property: the edge a is isometric to the
interval [0, ℓ(a)] of R. The space |T | endowed with this metric is called “metric
tree”.

A tripod is a metric tree made up of three edges from a common vertex.
Such a tripod is characterized up to isometry by the lengths of its edges; we
admit degenerate cases where some of these lengths are zero.

Proposition 2.1.2. Let x, y, z be three points of a metric space. There exists
a tripod T and an isometry f : {x, y, z} → T of the three ends of the tripod of
the picture. Moreover, (y|z)x is the length of an arc of T whose extremity is the
image of x.

The proof is obvious. This proposition shows that the metric relations be-
tween three points are the same in a metric space and in a tree. For four points,
one can at contrary extract the following definition, of which Gromov has shown
the considerable interest.

Definition 2.1.3. Let δ be a real number, positive or zero. One says that a
metric space X is δ–hyperbolic if

(x|z)w ≥ min{(x|y)w, (y|z)w} − δ

for all w, x, y, z ∈ X. We say that X is hyperbolic if the value of δ does not
matter. (This definition and that of Proposition 1.3.13 that appears in Chapter
1, are equivalent.)

Reformulation 2.1.4. Let δ > 0 and w, x, y, z ∈ X. By replacing in the previ-
ous inequality by the three Gromov-products and their values (Definition 2.1.1),
we find the equivalent inequality:

|x− z|+ |y − w| ≤ max{|x− y|+ |z − w|, |x− w|+ |z − y|}+ 2δ.

We can think of w, x, y, z as four vertices defining six mutual distances.
There are three ways to group these points into two pairs, hence three sums of
two distances:
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p = |x− w|+ |z − y|
m = |x− y|+ |z − w|
g = |x− z|+ |y − w|

If the notations are such that p ≤ m ≤ g (The reader may think it small,
medium, and large), a δ-hyperbolic space is characterized by g ≤ m + 2δ, that
is to say by The large distance does not exceed by the medium by more than
2δ.

Example 2.1.5. (i) The most important example is provided by metric trees,
which are 0-hyperbolic. This result has immediately deduced the struc-
ture of the quadrilaterals of these spaces which are the following types:
(It is understood that some edges may degenerate.) Note that any sub-
space of a δ-hyperbolic space is also δ-hyperbolic. Thus, any free group is
0-hyperbolic for the words metric defined by a free system of generators.

(ii) It is trivial that any metric space of diameter δ <∞ is δ-hyperbolic. It is
evident that we will not be interested in these examples later.

Let us mention here three types of examples that appear in these following
notes.

(iii) Let X and Y be two geodesic metric spaces (Definition 1.4.1). We assume
that there is a quasi-isometry X → Y and that Y is hyperbolic. Then X
is hyperbolic (see Chapter 5).

(iv) Let X be a compact Riemannian manifold with negative curvature, X̃
be its universal covering, Γ be its fundamental group and S be a finite
set of generators of Γ. Then X and Γ are hyperbolic, for the canonical
Riemannian metric and for word metrics respectively (see Chapter 3). We
can generalize these examples to the cases where X is a polyhedron or
even an orbi-space (see Chapter 11).

(v) Let Γ be a group with small cancellation property satisfying the condition
C ′(1/6), equipped with a word metric.(see Appendix).
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(vi) On the other hand, the Euclidean space R2 is not hyperbolic. More gen-
erally, if X is a metric space which admits a similarity report λ > 1 and
which contains four points w, x, y, z with

(x|z)w ≤ min{(x|y)w, (y|z)w},

then X is not hyperbolic.

Example 2.1.5.(i) admits a partial converse. We first consider a simple case.

Proposition 2.1.6. Let F be a finite 0-hyperbolic metric space. Then there
exists an isometric embedding of F in a metric tree.

Proof. Let w be a base point in F . For all x ∈ F , we write |x| for |x−w|. Let T
denote the disjoint union of segments [0, |x|] of R. For each x ∈ F − {w}, given
t ∈ [0, |x|] and t′ ∈ [0, |x′|], we declare

t ∼ t′ if t = t′ ≤ (x|x′)w.

This defines an equivalence relation; indeed, if t ∼ t′ ∼ t′′, so

t = t′ ≤ min{(x|x′)w, (x′|x′′)w} ≤ (x|x′′)w

given the 0-hyperbolicity of F . Let T be the quotient of T̃ by this relation. The
function T̃ × T̃ → R+ defined by

(t, t′) → t+ t′ − 2min{t, t′, (x|x′)}.

(for t ∈ [0, |x|] and t′ ∈ [0, |x′|]) induces a distance on T and makes it a metric
tree. The desired embedding associates x ∈ F to the class of x ∈ [0, |x|] ⊂ T̃ in
T .

It is clear that this proof uses the finiteness of F only to ensure that the space
T , quotient of T̃ , is a metric tree.

Definition 2.1.7. A metric space T is a real tree if it satisfies the following
two conditions:

1. Any two distinct points are the endpoints of a single geodesic segment.

2. If two geodesic segments have exactly one endpoint in common, their union
is a geodesic segment.

Here is a simple example of a real tree that is not a tree. Let d be the distance
in R2 defined as follows:

d((x1, y1), (x2, y2)) =|y1 − y2| if x1 = x2;

|y1|+ |x1 − x2|+ |y2| if x1 ̸= x2
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One can consult [Sha87] for a detailed account of real trees. Let’s go back to
the Proposition 2.1.6; It is not hard to make sure the framework of real trees
is adapted to a complete converse of the Example 2.1.5.(i). We give it as an
exercise.

Exercise 2.1.8. Show that a metric space is 0-hyperbolic if and only if it is
isometric to a part of a real tree. Show that a geodesic metric space is 0-
hyperbolic if and only if it is a real tree.

In the rest of these notes, we will not use the theory of real trees. To tell
the truth, we could have contented ourselves with defining a real tree as an
0-hyperbolic geodesic space (see the Theorem 3.17 of [AB87]).

Definition 2.1.9. Let X be a metric space. We say a metric space T is a
tangent sub-cone of X at infinity if it is geodesic and if the following condition
is satisfied:

For any finite subset {t1, · · · , tk} of T , there exists a infinite sequence (εn)n≥1
of positive numbers tending to 0 and k infinite sequences (xi,n)n≥1 points of X,
with i = 1, ..., k, such that

lim
n→∞

εn|xi,n − xj,n|
|ti − tj |

= 1 i, j = 1, · · · , k.

Example 2.1.10. 1. A segment is a tangent sub-cone of R at infinity.

2. Let D2 be the Poincare disk, with constant curvature −1. Let k be an
integer and T a star tree made up of k segments (of arbitrary lengths)
having a point common t0. Then T is a tangent sub-cone of D2 at infinity.
(for example, if, the given finite set is formed of t0 and of l ≤ k points
at the same distance from t0, consider a point x0 in D2 and ℓ sequences
of points (xi,n)n≥1 where {x1,n, · · · , xl,n} are the vertices of a regular
polygon; in D2 centered at x0 and sides n.
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3. If X has finite diameter, any tangent sub-cone of X at infinity is reduced
to a point.

Proposition 2.1.11. Let X be a metric space. If X is hyperbolic, every tangent
sub-cone to X at infinity is a real tree.

Proof. Let T be a tangent sub-cone of X at infinity. As T is by definition
geodesic, Exercise 2.1.8 implies that it suffices to verify that T is 0-hyperbolic.
Let t0, t1, t2, t3 ∈ T . Let (εn)n≥1 and (xj,n)n≥1 as in Definition 2.1.9, with
j = 0, 1, 2, 3. Since X is hyperbolic, there exists δ > 0 such that

(x1,n|x3,n)x0,n
≥ min{(x1,n|x2,n)x0,n

, (x2,n|x3,n)x0,n
} − δ

for all n ≥ 1. As limn→∞
εn|xi,n−xj,n|
|ti−tj | = 1, so we have

(t1|t3)t0 ≥ min{(t1|t2)t0 , (t2|t3)t0}

The proposition expresses that “from infinity, X is seen as a tree”. M. Gromov
also states the converse of Proposition 2.1.11, which F. Paulin gave us proof of.

2.2 Approximating trees

Proposition 2.1.6 shows that a finite 0-hyperbolic space is (isometric to) part of
a tree. If F is a finite δ-hyperbolic space with δ > 0, the same assertion is still
almost true, and has constants nearly depending on δ and the logarithm of the
cardinal |F | of F . The following theorem clarifies this assertion and also gives
a generalization. Its proof constitutes the present section. Let us agree that a
sub-ray of origin x in a metric space Y is a subspace X ⊂ Y containing x, such
that there exists an isometric embedding (X,x) → (R+, 0).
Throughout this section, we give ourselves a constant δ > 0. If x is a point in
a metric space with base point w, we set |x| = |x− w|.

Theorem 2.2.1. Let F be a δ-hyperbolic metric space with base point w and
let k be a positive integer

(i) If |F | ≤ 2k + 2, there is a finite pointed metric tree and a mapping Φ :
F → T such that

(1) Φ reversed the distances to base point
|Φ(x)| = |x| for all x ∈ F.

(2) |y − x| − 2kδ ≤ |Φ(y)− Φ(x)| ≤ |y − x| for all x, y ∈ F.

(ii) It is assumed that there exist sub-rays Fi of origins wi in F , with i =
1, · · · , n and n ≤ 2k such that F = ∪ni=1Fi. We take c = maxni=1 |wi|.
Then there is a real pointed tree T , and a mapping Φ : F → T with the
property
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(1) above, as well as:

(2) |y − x| − 2(k + 1)δ − c ≤ |Φ(y)− Φ(x)| ≤ |y − x|
for all x, y ∈ F .

Remark 2.2.2. (a) If F = 3, the theorem follows from the Proposition 2.1.2
and does not use the hyperbolicity hypothesis. If F = 4, the theorem is
essentially a repetition of the definition of hyperbolicity.

(b) If two points x and y of F are aligned with the base point and if x lies
between w and y (i.e. if |y| = |x|+ |y − x|), so Φ(x) and Φ(y) are aligned
with the base point of T and Φ(x) lies between Φ(w) and Φ(y). This easily
follows from properties (1) and (2).

(c) As we have already mentioned, we will not use the theory of real trees. The
only property we will use of the space T of point (ii) is that it is geodesic
and 0-hyperbolic. Every finite subset of T is contained in a metric tree.

(d) In statement (ii) of the theorem, F is not necessarily finite. Nevertheless
let F = {w, x1, · · ·xn} a δ-hyperbolic metric space with |F | = n + 1 ≤
2k + 1. Let us assume Fi = {w, xi} for i = 1, 2, · · · , n. The Theorem
2.2.1(ii) implies a statement essentially equivalent to Theorem 2.2.1(i).
Below, we show the Theorem 2.2.1(ii) and let the reader modify the proof
of 2.2.1(i).

The proof of the theorem is preceded by two lemmas, for which we keep the
same notations.

Lemma 2.2.3. Let |F | = 2k + 2. Let L be an integer and {x1, x2, · · · , xL} be
a sequence of points of F (Repetitions are permitted). So

(x1|xL) ≥ min
2≤i≤L

(xi−1|xi)− kδ

(Note that the term kδ depends on the cardinality of F not on L.)

Proof. If there exists an index j with xj = w (The base point of F ), then
(xj |xj±1) = 0 and there is nothing to show. We now assume that xj ̸= w
for j ∈ {1, · · · , L}, and that L ≥ 4. First assume L ≤ 2k + 1. The proof
is by induction on k. We set J = [L|2], so that 2 ≤ K ≤ 2k−1 + 1 and
2 ≤ L−K + 1 ≤ 2k−1 + 1. By induction hypothesis:

(x1|xK) ≥ min
2≤j≤K

(xj−1|xj)− (k − 1)δ

(xK |xL) ≥ min
K+1≤j≤L

(xj−1|xj)− (k − 1)δ.

Subsequently,

(x1|xL) ≥ min{(x1|xK), (xK |xL)} − δ) ≥ min
2≤j≤L

(xj−1|xj)− kδ.
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Then suppose L > 2k + 1. Then there exists p, q ∈ {1, · · · , L} with xp = xq
and x1, x2, · · · , xp, xq+1, · · · , xL of length at most 2k + 1 (if q = L, we replace
xp, xq+1 by xp−1, xq). The previous argument conclude this.

Lemma 2.2.4. Assumptions on F are related to statement (ii) of Theorem
2.2.1. Let L be an integer and x1, x2, · · · , xL be a sequence of points of F . Then

(x1|xL) ≥ min
2≤i≤L

(xi−1|xi)− (k + 1)δ − 2c.

Proof. Let x, y ∈ F and i ∈ {1, · · · , n}. On the one hand we have (x|y) ≤
min{|x|, |y|} by the triangle inequality, and on the other hand

(x|y)wi
− c ≤ (x|y) ≤ (x|y)wi

+ c.

In particular, let p, q ∈ {1, 2, · · · , L} and i ∈ {1, 2, · · · , n} with p < q and
xp, xq ∈ Fi. Then (xp|xq)wi

≤ min{|xp − wi|, |xq − wi|} and

(xp|yq) ≥ min{|xp|, |xq|} − 2c

≥ min{(xp|xp+1), (xq−1|xq)} − 2c (1)

≥ min
p+1≤j≤q

{(xj−1|xj)} − 2c.

We can also choose p and q such that xp and xq are the only points of the
sequence x1, x2, · · · , xp, xq, · · · , xL which are in Fi. The previous procedure is
applied several times, as follows. First, if there exists j > 1 with x1 and xj in
the same Fi, we consider the largest j of this type and we replace the sequence
x1, x2, · · · , xL by x1, xj , · · · , xL; if there is no such j, we do nothing. Then we
proceed in the same way with the second term of the new sequence and so on.
In the end, we obtain a subsequence y1 = x1, y2, · · · , yM = xL of x1, x2, · · · , xL
with the following two properties. For each i, there exist at most two of the yj
in the same Fi. And if there are two, they are consecutive: yj , yj+1 ∈ Fi· In
particular M ≤ 2n.
The argument of the summary version of the lemma then shows that

(x1|xL) ≥ min
2≤j≤M

(yj−1|yj)− (k + 1)δ.

It therefore follows from (1) that

(x1|xL) ≥ min
2≤j≤L

(xj−1|xj)− (k + 1)δ − 2c,

completes the lemma.

Lemma 2.2.5. We define two maps from F × F to R by
(x|y)′ = sup{min2≤j≤L(xj−1|xj)} with the supremum over the chains x =
x1, x2, · · · , xL = y

|x− y|′ = |x|+ |y| − 2(x|y)′

and we set δ′ = (k + 1)δ − 2c. So,
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(1) (x, y) → |x− y|′ is a deviation on F.

(2) |x− y| − 2δ′ ≤ |x− y|′ ≤ |x− y| for all x, y ∈ F .

(3) |x|′ = |x| for all x ∈ F (with |x|′ = |x− w|′, where w is the base point of
F .)

(4) The new deviation is 0-hyperbolic.

(x|z)′ ≥ min{(x|y)′, (y|z)′} for all x, y, z ∈ F

.

(Note that we do not exclude the existence of two distinct points x, y ∈ F with
|x− y|′ = 0.)

Proof. (1) It is a question of verifying the triangle inequality. Let x, y, z be
three points of F . The definition of the new deviation shown by |x− z|′ ≤
|x− y|′ + |y − z|′ if and only if

(x|y)′ + (y|z)′ ≤ |y|+ (x|z)′ (2)

We assume the notions such as (x|y)′ ≤ (y|z)′. Let ε > 0. Let us choose a
sequence x = u1, u2, · · · , uL = y and y = v0, v1, · · · , vM = z with

(x|y)′ ≥ min
2≤j≤L

(uj−1|uj) + ε.

(y|z)′ ≥ min
1≤j≤M

(vj−1|vj) + ε.

Let z1, · · · , zL+M be the sequence of x to z obtained by composing the
two chosen sequences. So,

(x|z)′ ≥ min
2≤j≤L+M

(zj−1|zj) ≥ min{(x|y)′, (y|z)′} − ε.

This is true for all ε > 0, we have

(x|z)′ ≥ min{(x|y)′, (y|z)′} = (x|y)′ (3)

On the other hand

|y| ≥ (y|v1) = (v0|v1) ≥ (y|z)′ − ε

for all ε > 0, so |y| ≥ (y|z)′. This last inequality and (3) involve (2).

(2) Let x, y ∈ F. We have (x|y)′ ≥ (x|y), so |x − y|′ ≤ |x − y|. Given the
Lemma 2.2.3, we also have (x|y) ≥ (x|y)′ − (k + 1)δ − 2c, So

|x− y|′ ≥ |x|+ |y| − 2(x|y)− 2(k + 1)δ − 4c = |x− y| − 2(k + 1)δ − 4c.
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(3) For all x ∈ F , we have (x|w) = 0, so (x|w)′ = 0, and as a result |x| = |x|′.

(4) The proof follows from the result (1).

Proof. Proof of the Theorem 2.2.1(ii). Let F ′ be the quotient of F by the
equivalence relation

x ∼ y if |x− y|′ = 0.

So, | |′ defines a distance on F ′. Let T be the real tree associated with it F ′ as
in Proposition 2.1.6. The desired properties follows from the composition Φ of
values F → F ′ and F ′ → T.

2.3 Definitions in terms of triangles

Let x0, x1 be two points of a metric space X at a distance d. If there is a
geodesic segment g : [0, d] → X of x0 to x1 (Definition 1.4.1), remember that
we often denote the image of g as [x0, x1]. This notation is abusive since g is in
general not only defined by x0 and x1, but also very convenient.

Definition 2.3.1. Let ∆ = [x, y] ∪ [y, z] ∪ [z, x] be a geodesic triangle in a
metric space X. Let T∆ be the tripod and f∆ : {x, y, z} → T∆ be the isometry
of Proposition 2.1.2. Then f∆ admits a unique extension (again note f∆) to ∆
whose restriction to each side of ∆ is isometric. Given a real number δ ≥ 0, we
say that the triangle ∆ is δ-thin if |u−v| ≤ δ for all u, v ∈ ∆ with f∆(u) = f∆(v).
(Equivalent condition: |u− v| ≤ |f∆(u)− f∆(v)|+ δ for all u, v ∈ ∆.)

Lemma 2.3.2. Let ∆ = [x, y] ∪ [y, z] ∪ [z, x] be a geodisic triangle in a metric
space X; we denote the distance of X by d.

(i) We have (y|z)x ≤ d(x, [y, z]).

(ii) if moreover ∆ is δ-thin, then d(x, [y, z]) ≤ (y|z)x + δ.
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Proof. Note that p ∈ [y, z], q ∈ [z, x], r ∈ [x, y], the three points of ∆ mapped
by f∆ on the center of the tripod T∆, so that |q − x| = |r − x| = (y|z)x. Let
us first show (i). Let w ∈ [y, z] with |w − x| = d(x, [y, z]). There is a point
w′ ∈ [x, y]∪ [z, x] which has the same image as w by f∆. Suppose the notations
such as w ∈ [z, x]. So

(y|z)x ≤ |w′ − x| = |z − x| − |z − w| ≤ |x− w| = d(x, [y, z]).

Under the assumption of (ii), we also have

d(x, [y, z]) ≤ d(x, q) + d(q, p) ≤ δ.

Definition 2.3.3. Let ∆ and f∆ as in the Definition 2.3.1. We call the inscribed
triple of ∆ as the inverse image of f∆ from the center of tripod, and size of ∆
the diameter of the inscribed triple.

We call minimum size or point of ∆ the minimum of diameters of sets {u, v, w},
with u ∈ [y, z], v ∈ [z, x], w ∈ [x, y].

Remark 2.3.4. (i) LetX simply be a related surface endowed with a complete
Riemannian structure with constant non positive curvature, and let ∆ be
a geodesic triangle of X. The points of the inscribed triple of ∆ are the
points of its inscribed circle of contact with ∆ ; thus, the size of ∆ is
increased by the diameter of this circle.

(ii) Let X, Y be two metric spaces and g : X → Y a mapping that map from
geodesics to geodesics. We assume g as (|g(x) − g(x′)| ≤ |x − x′| for all
x, x′ ∈ X). If ∆ is a geodesic triangle of X, the point of g(∆) is bounded
by the point of ∆. This implies from the following lemma that the size of
g(∆) is increased by 4 times the size of ∆.

Lemma 2.3.5. Let ∆ = [x1, x2] ∪ [x2, x3] ∪ [x3, x1] be a geodesic triangle with
mesh δ and size δ′. So δ ≤ δ′ ≤ 4δ.

Proof. The inequality δ ≤ δ′ implies from the definitions, and we must check
that δ

′ ≤ 4δ.

Let p1 ∈ [x2, x3], p2 ∈ [x3, x1], p3 ∈
[x1, x2] the points of the triple insert
of ∆. Let q1 ∈ [x2, x3], q2 ∈ [x3, x1],
q3 ∈ [x1, x2] three points such that δ=
diam{q1, q2, q3}.
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Let (i, j, k) be a permutation of (1, 2, 3). Let us suppose

ai = |xj − xk| bi,k = |pi − xk| ci,k = |qi − xk|.

So

bi,k = bj,k =
1

2
(ai + aj − ak)

bi,j + bi,k = ci,j + ci,k = ai

by definition. We have |qi−qj | ≤ δ, hence |ci,k−cj,k| ≤ δ by triangular inequality
applied to {qi, qj , xk}. Therefore We have successively

2bi,k = ai + aj − ak = ci,j + ci,k + bj,i + bj,k − ck,i − ck,j

ci,j + ci,k + bk,i − bi,k − ck,i − ck,j = 0 (⋆)

|ci,k − bi,k − ck,i + bk,i| = |ci,j − ck,j | ≤ δ.

Now suppose that (i, j, k) is a circular permutation of (1, 2, 3), and let

di = ci,j − bi,j = −(ci,k − bi,k).

On the one hand we have di = |pi − qi|. On the other hand, the inequality (⋆)
and those obtained by circular permutations occur:

| − di − dk| ≤ δ

| − dj − di| ≤ δ

| − dk − dj | ≤ δ

so that:

|di| =
1

2
|di + dj + di + dk − dj − dk| ≤

3

2
δ.

We therefore ended up:

|pj − pk| ≤ |pj − qj |+ |qj − qk|+ |qk − pk| ≤ 4δ

Therefore δ
′ ≤ 4δ.

Proposition 2.3.6. Let X be a geodesic metric space. We consider the follow-
ing properties for X, where δ is a positive real number

(P1, δ) The space X is δ-hyperbolic (definition: 2.1.3).

(P2, δ) Every geodesic triangles of X are δ-thin.

(P3, δ) The space X satisfies the Rips condition of constant δ (Definition 1.4.1):
for any geodesic triangle ∆ = [x, y]∪[y, z]∪[z, x] of X and for all u ∈ [x, y]
we have d(u, [y, z] ∪ [z, x]) ≤ δ.

(P4, δ) Every geodesic triangle of X has a size bounded by δ.
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(P5, δ) Every geodesic triangle of X has a mesh bounded by δ.

So, except for small changes in constants, the properties (P1, δ) to (P5, δ) are
equivalent. More precisely, for all i, j ∈ {1, ..., 5}, there is a constant Ci,j with
1 ≤ Ci,j ≤ 4 such that the following assertion is true: let δ, δ′ ≥ 0 with δ′ = cijδ;
if X verifies (Pi, δ). X also verifies (Pj , δ

′).

Proof. The implications (P2, δ) ⇒ (P3, δ) and (P2, δ) ⇒ (P4, δ) are obvious;
the implication (P5, δ) ⇒ (P4, 4δ) follows from Lemma 2.3.5. We show below

(P1, δ) ⇒ (P2, 4δ) (P2, δ) ⇒ (P1, 2δ)

(P3, δ) ⇒ (P2, 4δ) (P4, δ) ⇒ (P2, 2δ).

Proof Of (P1, δ) ⇒ (P2, 4δ). ∆ =
[x, y] ∪ [y, z] ∪ [z, x] a geodesic trian-
gle of X and f : ∆ → T the mapping
of the Definition 2.3.1. Let u, v ∈ ∆
with u ̸= v and f(u) = f(v). It is to
verify that |u− v| ≤ 4δ.

It’s about checking that u ∈ [x, y] and v ∈ [z, x]. If t = |x− u| we have

|f(x)− f(u)| = |f(x)− f(v)| = t ≤ (y|z)x

(u|y)x = (v|z)x = t

so that
(u|v)x ≥ min{(u|y)x, (y|z)x, (z|v)x} − 2δ = t− 2δ.

But (u|v)x = t− 1
2 |u− v|, so

|u− v| ≤ 2t− 2(t− 2δ) = 4δ.

Proof Of (P2, δ) ⇒ (P1, 2δ). We
consider four points x0, x1, x2, x3 ∈ X
and six geodesic segments which join
them two by two. The Gromov prod-
ucts being taken relatively at x0, we
put t = min{(x1|x3), (x2|x3)} and
this is to verify that (x1|x2) ≥ t− 2δ.
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We can further assume that t > (x1|x2), otherwise there is nothing to show.

For j ∈ {1, 2, 3}, we denote by x′j the point of [x0, xj ] at distance t from x0.
For j ∈ {1, 2}, we denote by f0j3 the mapping of the Definition 2.3.1 for the
triangle [x0, xj ] ∪ [xj , x3] ∪ [x3, x0]. We have |x′j − x0| = |x′3 − x0| ≤ (xj |x3), so
f0j3(x

′
j) = f0j3(x

′
3) and |x′j − x3| ≤ δ. Consequently |x′1 − x′2| ≤ 2δ.

As t > (x1|x2), there exists a point yj ∈ [x1, x2] with f012(x
′
j) = f012(yj) so

that |x′j − yj | ≤ δ. We have

2δ ≥ |x′1 − x′2| ≥ |y1 − y2| − 2δ

= |x1 − x2| − |x1 − y1| − |x2 − y2| − 2δ

= |x1 − x2| − (|x1 − x0| − |x′1 − x0|)− (|x2 − x0| − |x′2 − x0|)− 2δ

= 2t− 2(x1|x2)− 2δ

and consequently (x1|x2) ≥ t− 2δ.

Proof of (P3, δ) ⇒ (P2, 4δ). Sup-
pose the implication is not not true.
So there is a geodesic triangle ∆ =
[x, y] ∪ [y, z] ∪ [z, x] in X and points
u ∈ [x, y], v ∈ [z, x] with

|u− x| = |v − x| = t < (y|z)x
|u− v| > 4δ.

Now

d(v, [x, y]) = min{d(v, [x, u]), d(v, [u, y])}
≥ min{(x|u)v, (u|y)v}

by the Lemma 2.3.2, and

2(x|u)v = |u− v|
2(u|y)v = |u− v|+ |y − v| − (|x− y| − |x− u|)

= |u− v|+ (|y − v|+ |v − x| − |x− y|) ≥ |u− v|,

So

d(v, [x, y]) ≥ 1

2
|u− v| > 2δ.
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In particular |v − x| > 2δ and there exists p ∈ [x, v] with |p− v| = δ. We have

d(p, [x, y]) ≥ d(v, [x, y])− |v − p| > δ

d(p, [y, z]) ≥ d(x, [y, z])− |x− p| ≥ (y|z)x − |x− p|
> t− |x− p| = |v − x| − |x− p| = |p− v| = δ.

So d(p, [x, y] ∪ [y, z]) > δ, contrary to the hypothesis.

Proof of (P4, δ) ⇒ (P2, 2δ). We do not restrict the generality of the proof
assuming δ > 0.

Let ∆ = [x, y] ∪ [y, z] ∪ [z, x] be a
geodesic triangle in X. Let us denote
pI ∈ [x, y] and qI ∈ [z, x] the points
mapped by f∆ on the center of the tri-
pod, and put tI = |pI−x| = |qI−x| =
(y|z)x.

For any number s ∈ [0, tI ], let Ps be the point of [x, y] at distance s from x and
qs the point of [z, x] at distance s from x. It is to show that |qs − ps| ≤ 2δ.

First stage. We define by induction a sequence (pi)i≥1 of points of [x, pI ] and
a sequence (qi)i≥1 of [x, qI ]; First p1 = pI and q1 = qI . Then, if pi and qi are
already defined, we consider the canonical map fi of a triangle [x, pi]∪ [pi, qi]∪
[qi, x] on the corresponding tripod Ti; then pi+1 ∈ [x, pi] and qi+1 ∈ [qi, x] are
the points mapped by fi to the center of Ti. For all i ≥ 1, we have |pi − qi| ≤ δ
by assumption, so also

|pi − pi+1|+ |qi − qi+1| = |pi − qi| ≤ δ. (⋆)

As |x− pi+1| = |x− qi+1| ≤ |x− pi| = |x− qi|, the pi have a limit p∞ ∈ [x, pI ]
and the qi have a limit q∞ ∈ [x, qI ], We set t′I = |x− p∞|, and all observes that
p∞ = q∞ Let s ∈ [t′I , tI ]. There exists i ≥ 1 with |pi − ps| = |qi − qs| ≤ 1

2δ by
(⋆), so that |ps − qs| ≤ 2δ. If t′i ≤ δ, there is nothing left to show.

Second step. If t′I > δ, we set tII = t′I − 1
2δ and we denote pII ∈ [x, pI ],

qII ∈ [x, qI ] the points at a distance tII from x. The preceding argument

produces the sequences (p
(2)
i )i≥1 and (q

(2)
i )i≥1 which respectively converge to a

point p
(2)
∞ = q

(2)
∞ at a distance t′II from x, and we thus show that |ps − qs| ≤ 2δ

for all s ∈ [t′II , tII ].

Thus a finite number (bounded by 2
δ tI+1) of steps, we show as well as |ps−qs| ≤

2δ for all s ∈ [0, tI .]

Corollary 2.3.7. The Poincare disc D2 is a hyperbolic space.
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Proof. Let δ be the diameter of a disk in D2 of area π. The Gauss-Bonnet
formula shows that the area of any geodesic triangIe ∆ of D2 is bounded by π.
Hence, the diameter of the circle inscribed of such a triangle is bounded above
by δ, and ∆ is δ-thin.

Exercise 2.3.8. Show that any triangle in D2 is δ-thin with δ = log 3.

We end this chapter by examining the relationship between hyperbolicity and
convexity.

Definition 2.3.9. Let X be a geodesic metric space. We consider a number
d ≥ 0 and a geodesic segment g : [0, d] → X, with origin x0 and extremity x1
The natural width of this segment is the map t → xt of [0, 1] in the image of g
defined by |xt − x0| = t|x1 − x0| for all t ∈ [0, 1].

Given a real number δ ≥ 0, we say that X is δ-convex if

|xt − yt| ≤ (1− t)|x0 − y0|+ t|x1 − y1|+ δ

for all pair [x0, x1], [y0, y1] of geodesic segments of X of natural parameters.

An 0-convex space is said to be convex. This is for example the case of a complete
Riemannian manifold of non-positive curvature (see Theorem 1.3 of [Sch85]).

Proposition 2.3.10. A geodesic space with δ-thin triangles is 2δ-convex.

Proof. Let [x0, x1] and [y0, y1] be two geodesic segments of X of natural parame-
ters. Particular case: x0 = y0. Let T be the tripod and f : [x0, x1]∪ [y0, y1] → T
as in Definition 2.3.1. As T is convex, we have

|xt − yt| ≤ |f(xt)− f(yt)|+ δ ≤ t|f(x1)− f(y1)|+ δ = t|x1 − y1|+ δ.

General case. Let t→ zt be a geodesic segment of natural parameter such that
z0 = x0 and. z1 = y1. Then

|xt − yt| ≤ |xt − zt|+ |zt − yt| ≤ t|x1 − y1|+ δ + (1− t)|x0 − y0|+ δ

under the particular case.

The converse of the proposition is not true! For example, the Euclidean plane
is convex and not hyperbolic.
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Chapter 3

Spaces with negative
curvature and hyperbolic
groups

Marc Troyanov

Translated and read by Aniruddha Bhattacharjee and Raghunath JV as a part
of reading project at Cheentan Research Foundation

We saw in the Chapter 2.3.7 that the Poincaré disk is a hyperbolic space in the
sense of Gromov. By using classical techniques of comparison (recalled in the
Section 3.1), we generalize this result to varieties with variable curvature; more
precisely, we show that any complete, simply connected Riemannian manifold
with curvature bounded by a number κ < 0 is hyperbolic. In the Section 3.3,
we show that the fundamental group of a compact Riemannian manifold M
is quasi-isometric to the universal covering M̃ of this manifold. We deduce (a
special thanks to the invariance of hyperbolicity by quasi-isometry, established
in Chapter 5) that the fundamental group of a compact Riemannian manifold
with negative curvature is a hyperbolic group (Theorem 3.3.8). The last section
of this chapter presents some considerations on the notion of convexity.

3.1 Comparison of Geometries

In this section, we will show the methods of “comparison of geometries” which
is essentially by A.D. Aleksandrov (See [Ale51], [ABN86]).

We note Hκ, the usual plane with constant curvature κ < 0, is the Euclidean
plane when κ = 0 and homothetic to the Poincaré disk when κ < 0. The plane
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H−1 will be simply denoted as H.

LetX be a geodesic space, and let ∆ = [w, x]∪[x, y]∪[y, w] be a geodesic triangle
of X (Definition 1.4.1). We say that a triangle ∆∗ = [w∗, x∗]∪ [x∗, y∗]∪ [y∗, w∗]
of Hκ is a comparison triangle for ∆ (at points w, x, y) if

|x∗ − w∗| = |x− w|, |y∗ − x∗| = |y − x|, |w∗ − y∗| = |w − y|

It is easy to see that a comparison triangle always exists and it is unique upto
isometry of Hκ. It is convenient to introduce a comparison application between
a triangle ∆ of X and its comparison triangle ∆∗ of Hκ. It is the function
f : ∆ → ∆∗ such that f(w) = w∗, f(x) = x∗, f(y) = y∗, and f , restricted to each
dimension of ∆, is an isometry. If z ∈ ∆, then we often write z∗ = f(z) ∈ ∆∗

and call it the “corresponding point” of z.

Following Aleksandrov, we now introduce the notion of comparison angle. Let
g : [0, a] → X and h : [0, b] → X be two geodesic segments parametrized by the
arc length and from a point w ∈ X. For all s, t such that 0 ≤ s ≤ a, 0 ≤ t ≤ b,
we choose a segment [g(s), h(t)], and denote the triangle g([0, s])∪ [g(s), h(t)]∪
h([0, t]) as ∆(s, t) ⊂ X. We also denote the angle at w∗ of a triangle ∆∗(s, t) ⊂
Hκ of comparison for ∆(s, t) as ακg,h(s, t) (or simply α(s, t) if g, h, κ are fixed).
We call ακg,h, the comparison angle of segments g and h (note that this “angle”
is a function of two variables and this function is constant in the special case
of X = Hκ). We observe that this definition is independent of the choice of
segments [g(s), h(t)].

We define three criteria of comparison between the geometry of a geodesic space
X and that of Hκ.

Criterion C. We say that X satisfies the criterion (Cκ) if, for any triangle
∆ = [w, x] ∪ [x, y] ∪ [y, w] of X and any point z ∈ [x, y], we have

|z − w| ≤ |z∗ − w∗|,

where ∆∗ ⊂ Hκ is a comparison triangle for ∆ and z∗ is the point of ∆ corre-
sponding to z.
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Criterion A. The space X verifies the criterion (Aκ) if ακg,h(s, t) is a non-
decreasing monotone function in its arguments s and t, for all geodesic segments
g : [0, a] → X, h : [0, b] → X originating from a fixed point w ∈ X.

Criterion T. We say that X satisfies criterion (Tκ) if, for any triangle ∆ =
[w, x] ∪ [x, y] ∪ [y, w] of X and all points p ∈ [w, x], q ∈ [w, y], we have

|p− q| ≤ |p∗ − q∗|,

where ∆∗ ⊂ Hκ is a comparison triangle and p∗, q∗ are the points of ∆∗ corre-
sponding to p and q.

Theorem 3.1.1. Let X be a geodesic space and κ ≤ 0. The conditions (Cκ),
(Aκ) and (Tκ) are equivalent for X.

Definition 3.1.2. We say that X verifies CATκ, if one of the criteria (Cκ),
(Aκ) or (Tκ) is satisfied. (CAT is read, “criteria of Comparison by Aleksandrov
Topology”).

Example 3.1.3. If X is a metric tree, then X verifies CATκ for all κ.

A space X is sometimes said to be curvature-bounded by κ if every point of X
has a convex neighborhood satisfying CATκ.

Proposition 3.1.4. Let X be a geodesic space satisfying CATκ for some κ < 0;
then X is hyperbolic.

Proof. We know that there exist δ > 0 such that all triangles of Hκ are δ-fine
(Corollary 2.3.7). It follows immediately from criterion Tκ that the triangles of
X are also δ-fine. From Proposition 2.3.6 we can prove the hyperbolicity of X.

Demonstration of Theorem 3.1.1 To simplify the notation, we assume in
this proof that κ = −1. We don’t need to modify anything for the other cases.

(Cκ) =⇒ (Aκ). Consider a point w ∈ X and two geodesic segments g : [0, a] →
X, h : [0, b] → X from w. Let s, τ, t be such that 0 ≤ s ≤ a and 0 ≤ τ ≤ t ≤
b. Let ∆(s, t) be the triangle with vertices w, g(s), h(t). We must show that
α(s, τ) ≤ α(s, t) or α = α−1g,h is the comparison angle of the segments g and h.
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To prove this we choose five points w∗, s∗, t∗, τ∗, τ̃∗ of the Poincaré disk H such
that:

w∗, s∗, t∗ are the vertices of a comparison triangle for ∆(s, t); w∗, s∗, τ∗ are the
vertices of a comparison triangle for ∆(s, τ); and τ̃∗ is the point on the segment
[w∗, t∗] such that
|w∗ − τ∗| = |w∗ − τ̃∗| = τ .

By definition, α(s, τ) is the angle at w∗ of the segments [w∗, s∗] and [w∗, τ∗].
Length of these segments are s and τ , so we have by the cosine formula:

cosα(s, τ) =
ch(s)ch(τ)− ch(|s∗ − τ∗|)

sh(s)sh(τ)

On the other hand, α(s, t) is the angle at w∗ of the segments [w∗, s∗] and [w∗, t∗]
which is equal to the angle at w∗ of the segments [w∗, s∗] and [w∗, τ̃∗]. These
segments are also of length s and τ , then

cosα(s, t) =
ch(s)ch(τ)− ch(|s∗ − τ̃∗|)

sh(s)sh(τ)

Now the condition (C−1) implies:

|s∗ − τ̃∗| ≥ |s∗ − τ∗| (= |g(s)− g(t)|)

∴ cosα(s, τ) ≥ cosα(s, t) =⇒ α(s, τ) ≤ α(s, t).

(Aκ) =⇒ (Tκ). The proof follows the same type of argument (trigonometry
tells us that an inequality on angles leads to an inequality on the distances).
Let ∆ = [w, x]∪ [x, y]∪ [y, w] be a triangle of X and p ∈ [w, x], q ∈ [w, y] be two
points of ∆. Let us consider in the Poincaré disk, a triangle of comparison ∆∗

with vertices w∗, x∗, y∗. Let p∗, q∗ ∈ ∆∗ be the points corresponding to p, q. Let
q̃∗ be a point of H such that the triangle with vertices w∗, p∗, q̃∗ is a comparison
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triangle for the points w, p, q. Let α be the angle at w∗ of the triangle ∆∗ and
α̃ be the angle at w∗ between the segments [w∗, p∗] and [w∗, q̃∗].

Condition (A−1) results α̃ ≤ α. On the other hand we observe that α is also
the angle at w∗ between the segments [w∗, p∗] and [w∗, q∗], then

cosα =
ch(|w∗ − p∗|)ch(|w∗ − q∗|)− ch(|p∗ − q∗|)

sh(|w∗ − p∗|)sh(|w∗ − q∗|)
,

cos α̃ =
ch(|w∗ − p∗|)ch(|w∗ − q̃∗|)− ch(|p∗ − q̃∗|)

sh(|w∗ − p∗|)sh(|w∗ − q̃∗|)
Since, |w∗ − q∗| = |w∗ − q̃∗| and cos α̃ ≥ cosα, we have

|p− q| = |p∗ − q̃∗| ≤ |p∗ − q∗|

(Tκ) =⇒ (Cκ) is obvious.

Remark 3.1.5. If κ > 0, then we define the criteria (Cκ) and (Tκ) as when κ ≤ 0,
but testing only the triangles of perimeter ≤ 2π/

√
κ (the comparison triangles

are constructed on the sphere of radius 1/
√
κ in R3). In the same way, to define

(Aκ), we consider only the segments g : [0, a] → X and h : [0, b] → X such that
a+ b+ |g(a)− h(b)| ≤ 2π/

√
κ. The Theorem 3.1.1 is still true when κ > 0.

3.2 The case of Riemannian Manifolds

In this paragraph we will explain the complete proof of the Theorem 3.2.1
by Aleksandrov (this theorem follows from the Theorem 3.2 and Corollary 5.1
of [ABN86]).

Theorem 3.2.1. Let (M, g) be a simply connected, complete Riemannian man-
ifold whose sectional curvature satisfies K ≤ κ ≤ 0. Then M satisfies
CATκ.
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By the Proposition 3.1.4, we immediately have the following:

Corollary 3.2.2. A simply connected, complete Riemannian manifold with cur-
vature K ≤ κ < 0, is Gromov hyperbolic.

Remark 3.2.3. (a) The Theorem 3.2.1 implies that any space geodesic satisfying
CATκ also satisfies CATκ′ , for all κ′ ≥ κ. (Indeed, the theorem tells us that
Hκ satisfies CATκ′ , so (Tκ) =⇒ (Tκ′))
(b) In the Theorem 3.2.1 (and its corollary), we can replace M by any convex
subset of M.
(c) The Theorem 3.2.1 (but not its corollary) still holds if κ > 0; CATκ is then
defined taking into account the Remark 3.1.5.
(d) If we omit the assumption thatM is simply connected, the Theorem 3.2.1 is
clearly false (a complete, non-simply connected Riemannian manifold with neg-
ative curvature always has a simple closed geodesic and therefore never satisfies
CAT0).
(e) Corollary 3.2.2 is also false when M is not simply connected. Here is an
example of a complete Riemannian manifold with negative curvature which is
not hyperbolic: Let Q be the set of points (x, y, z) of R3 such that z = 0 and x
(or) y ∈ Z. It is therefore an infinite grid invariant by the group Z2 (acting by
translations). Let U ⊂ R3 be a Z2-invariant neighborhood of Q such that for
all u ∈ U, d(u,Q) ≤ 1

4 , and M = ∂U is of class C∞. M is therefore a surface
of infinite genus quasi-isometric to Z2 (or to R2), and is therefore not hyper-
bolic (Theorem 5.2.1). However, M/Z2 is a closed surface of genus 2; hence
M has a negative constant curvature in the Riemannian metric. (This example
generalizes (thanks to Corollary 3.3.5 below) to any principal covering of group
Zm(m ≥ 2) of a compact manifold with negative curvature)

The proof of the Theorem 3.2.1 relies on the comparison theorem by Aleksan-
drov. Although it is classic, this theorem does not appear in the manuals. It
is found for example in [Ale51], ( [Gro87c], Theorem 3.9) (or) [Tsu62]. Grove
calls it “Inverse Topology”.

Theorem 3.2.4. Let (M, g) be a simply connected, complete
Riemannian manifold whose sectional curvature satisfies K ≤ κ < 0. Let ∆
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be a triangle in M and let ∆∗ be a comparison triangle in Hκ; let α, β, γ be the
angles of ∆ and α∗, β∗, γ∗ be the corresponding angles of ∆∗. So

α ≤ α∗; β ≤ β∗; γ ≤ γ∗

To prove this theorem, we will need the following lemma:

Lemma 3.2.5. Let (M, g) be a complete Riemannian manifold and let V =
{(r, θ) ∈ R2 : 0 ≤ r <∞, 0 ≤ θ ≤ a}. Let us choose a point w ∈M , as well as
a curve (of class C2) λ : [0, a] → TwM such that |λ(θ)| = 1 and |dλdθ | = 1 for all
θ. Let φ : V →M be the map defined by φ(r, θ) = expw(rλ(θ)). So

φ∗(g) = dr2 + p2(r, θ)dθ2 ,

where p : V → R is a function such that p(0, θ) = 0 and ∂p
∂r (0, θ) = 1 for all

θ.

Proof. Let F = φ(V ) ⊂M ; let R and T be the fields of vectors along F defined
by R = dφ

(
∂
∂r

)
and T = dφ

(
∂
∂θ

)
; then we have

φ∗(g) = g(R,R)dr2 + 2g(R, T )drdθ + g(T, T )dθ2

By definition of the exponential, we have g(R,R) = 1. The lemma of Gauss
(See [Gro87c], Lemma 2.11) says that g(R, T ) = 0. The function p(r, θ) =
gφ(r,θ)(T, T ) vanishes at r = 0 because dφ(0,θ) is zero.

We therefore have to show that ∂p
∂r (0, θ) = 1. Let U ⊂ M be a neighborhood

of w for which expw has an inverse logw : U → TwM . Let ξ1, ξ2, · · · , ξn
be an orthonormal coordinate system on TwM . Then xi = ξi ◦ logw defines
a coordinate system on U (the “normal Riemann coordinates”). Recall (See
[Spi79a], Chapter 4, proposition 1, page 159) that the metric of M is written in
the following coordinates:

gx =
∑

dx2i +
∑

hi,j(x)dxidxj ,

or hi,j(x) = o(x). Let’s define λi : [0, a] → R(i = 1, · · · , n) by expw(λ(θ)) =
λ1(θ), λ2(θ), · · · , λn(θ)), and xi(r, θ) = rλi(θ) so that

φ(r, θ) = (x1(r, θ), x2(r, θ), · · · , xn(r, θ))

So we have,

dx2i = λ2i (θ)dr
2 + r

d

dθ
(λ2i (θ))drdθ + r2

(
dλi
dθ

)2

dθ2 ,

From which we get,∑
dx2i =

(∑
λ2i (θ)

)
dr2 + r

d

dθ

(∑
λ2i (θ)

)
drdθ + r2

∑(
dλi
dθ

)2

dθ2

= dr2 + r2dθ2
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We also have,

dxidxj = λiλjdr
2 + r

d

dθ
(λiλj)drdθ + r2

(
dλi
dθ

dλj
dθ

)
dθ2

So, if ∑
hi,j(x)dxidxj = Adr2 +Bdrdθ + Cdθ2 ,

then we see that C(r, θ) = r2u(r, θ) (or) u(r, θ) = 0(r) (because hi,j(x)) = o(x)).

Thus p(r, θ) =
√
r2(1 + u(r, θ)) indeed satisfies ∂p

∂r (0, θ) = 1.

Proof of Theorem 3.2.4: The idea of the proof is to define a ruled surface (i.e.,
foliated by geodesic segments) F in M containing ∆, as well as a contraction
map from F to the Poincare disk. We can then compare the angles of ∆ to
those of ∆∗ by means of this application.

Let w, x, y be the vertices of ∆, and α be the angle formed by ∆ at w. Recall
(Cartan-Hadamard) that the map expw : TwM → M is a diffeomorphism, and
let logw :M → TwM be its inverse. We note |ζ|, the norm of a vector ζ ∈ TwM .
We then introduce the following objects:

L, the geodesic segment [x, y] ⊂M ;∑
, the unit sphere of TwM ;

ξ = logw(x) ∈ TwM, ξ1 =
ξ

|ξ|
∈
∑

;

η = logw(y) ∈ TwM, η1 =
η

|η|
∈
∑

;

Λ = logw(L) ⊂ TwM, Λ1 =

{
ζ

|ζ|
: ζ ∈ Λ

}
⊂

∑
The curve Λ1 is a simple differentiable curve of

∑
. Let α1 be its length and

λ : [0, α1] → Λ1 be its parameterization by the arc length (such that λ(0) = ξ1
and λ(α1) = η1). We have,

(a) α1 ≥ α

Indeed, α is the angle between ξ and η. It is therefore the distance on the
unit sphere

∑
of TwM between ξ1 and η1. So α is bounded by the length α1 of

the curve Λ1 connecting ξ1 and η1 on
∑

.

Let V = {(r, θ) ∈ R2 : 0 ≤ r ≤ ∞, 0 ≤ θ ≤ α1} and consider the map
φ : V → M defined by φ(r, θ) = expw(rλ(θ)). The Lemma 3.2.5 then leads to
the metric induced on F = φ(V ) by the embedding F ⊂M which is written in
the coordinates (r, θ),

(b) ds2 = dr2 + p(r, θ)2dθ2
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where p(0, θ) = 0 and ∂p
∂r (0, θ) = 1 for all θ ∈ [0, α1].

The curvature of F satisfies,

(c) K ≤ κ

Indeed, F is a ruled surface of M (i.e., foliated by geodesics of M), and we
can apply Synge’s inequality (See [Pre43] or ( [Spi79b], Corollary 7 of Chapter
1)).

Recall (See [Spi79a], page 119) that the curvature of F is given by the equation,

∂2p(r, θ)

∂r2
= −K(r, θ)p(r, θ)

(where K(r, θ) is the curvature of F at φ(r, θ)). As p(0, θ) = 0, ∂p
∂r (0, θ) = 1

and K ≥ κ, Sturm’s comparison theorem (See [Har82]) gives us the following
estimate on p(r, θ),

(d) p(r, θ) ≥ sh(
√
κr)√
κ

Now let’s construct a function ψ : F → Hκ; for this, let w∗, x∗, y∗ ∈ Hκ

denote the vertices of ∆∗ and introduce a system of polar coordinates φ :
[0,∞[×R/2πZ → Hκ such that w∗ = φ∗(0, 0) and x∗ = φ∗(|x − w|, 0). We
then define ψ by ψ(φ(r, θ)) = φ∗(r, θ). Observe in particular that ψ(w) = w∗

and ψ(x) = x∗. Note ỹ∗ = ψ(y) (in general, ỹ∗ ̸= y∗). Since the metric of Hκ

is written in polar coordinates dr2 + 1
κsh

2(
√
κr)dθ2, the inequality (d) implies

that the map ψ : F → Hκ is contraction map. Thus we have for ỹ∗ = ψ(y) ∈ Hκ,

(e) |x∗ − ỹ∗| ≤ |x− y| = |x∗ − y∗|

On the other hand, it is clear that the segments [w∗, x] and [w∗, ỹ∗] ⊂ Hκ

in w∗ form an angle α1. So we have,

cos(α1) =
ch(

√
κ|x∗ − w∗|)ch(

√
κ|ỹ∗ − w∗|)− ch(

√
κ|x∗ − ỹ∗|)

sh(
√
κ|x∗ − w∗|)sh(

√
κ|ỹ∗ − w∗|)

and

cos(α∗) =
ch(

√
κ|x∗ − w∗|)ch(

√
κ|y∗ − w∗|)− ch(

√
κ|x∗ − y∗|)

sh(
√
κ|x∗ − w∗|)sh(

√
κ|y∗ − w∗|)

By inequalities (a) and (e), we therefore have α∗ ≥ α1 ≥ α.

The proof of Theorem 3.2.1 will also use Aleksandrov’s lemma on quadrilat-
erals.

Lemma 3.2.6. Let Q be a quadrilateral of Hκ with vertices a, b, c and d. Con-
sider a triangle ∆′ ⊂ Hκ with vertices a′, b′, c′ such that
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|a′ − b′| = |a− b|, |b′ − c′| = |b− c|, |a′ − c′| = |a− d|+ |d− c|
Let α, β, γ, δ be the angles at a, b, c, d of Q and α′, β′, γ′ be those of ∆′. We
assume δ ≥ π. So

α ≤ α′, β ≤ β′, γ ≤ γ′

Proof. We clearly have |a − c| ≤ |a′ − c′|, the cosine formula therefore implies
β′ ≥ β. Let us show that α ≤ α′. Let’s imagine for this that Q is an articulated
system with anchor points at a and b. We can therefore conceive of a motion
c(t), d(t) such that c(0) = c(1) = c ; d(0) = d and d(1) is the symmetrical point
of d with respect to the line ac (a and b are fixed as well as the lengths of the four
segments). We can assume that during this movement of the articulated system
the angle α(t) increases continuously. Necessarily, there is a time intermediate t0
where the points a, d(t0), c(t0) are aligned. The triangle with vertices a, b, c(t0)
is then isometric to ∆′; as a result,

α′ = α(t0) ≥ α(0) = α

We show in the same way that γ ≤ γ′ .

Proof of Theorem 3.2.1: We again assume κ = −1, leaving it to the reader
to extend the proof to the other cases.
Let g : [0, a] → M, h : [0, b] → M be two geodesic segments coming from the
same point w ∈ M , we must show that α(s, t) = α−1g,h(s, t) is a non-decreasing
monotonic function of its arguments s and t (criterion (A−1)).

We give ourselves numbers s, t, τ such that 0 ≤ s ≤ a and 0 ≤ τ ≤ t ≤ b.
Consider four points w∗, s∗, t∗, τ∗ of the hyperbolic plane H such that

1. w∗, s∗, τ∗ are the vertices of a comparison triangle for the points w, g(s), h(τ);

2. τ∗, t∗, s∗ are the vertices of a comparison triangle for h(τ), h(t), g(s);

3. w∗ and t∗ lie on opposite sides of the line s∗τ∗.

Consider again a triangle ∆′ ⊂ H with vertices w′, s′, t′ such that ∆′ is a com-
parison triangle for w, g(s), h(t).

Spaces with negative curvature and hyperbolic groups 53



Hyperbolic Groups

Remark 3.2.7. • α∗ is the angle at w∗ of the triangle with vertices w∗, s∗, τ∗;

• α′ is the angle at w′ of the triangle with vertices w′, s′, t′;

• ν is the angle at h(τ) of the triangle with vertices w, g(s), h(t);

• ν∗ is the angle at τ∗ of the triangle with vertices w∗, s∗, τ∗;

• µ is the angle at h(τ) of the triangle with vertices h(τ), h(t), g(s);

• µ∗ is the angle at τ∗ of the triangle with vertices τ∗, t∗, s∗

Then we have α∗ = α(s, τ) and α′ = α(s, t). By the Theorem 3.2.4, we have
ν ≤ ν∗ and µ ≤ µ∗, so w∗, s∗, t∗ and τ∗ are the vertices of a quadrilateral Q of
H whose angle in τ∗ is,

ν∗ + µ∗ ≥ ν + µ = π

On the other hand,

|w′ − s′| = |w∗ − s∗|, |s′ − t′| = |s∗ − t∗| and |w′ − t′| = |w∗ − τ∗|+ |τ∗ − t∗|
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It follows from the Lemma 3.2.6 applied to Q and ∆′ that,

α∗ ≤ α′

We have therefore shown that if τ ≤ t, then α(s, τ) ≤ α(s, t) .

3.3 Actions of Discrete Groups

Definition 3.3.1. A metric space is proper if all its closed balls are compact.
A discrete group Γ acting on a topological space X acts properly if for any
compact set C ⊂ X, the set γ ∈ Γ such that γC ∩ C is a non-empty finite set.

Lemma 3.3.2. Let X be a geodesic space; then X is proper if and only if X is
locally compact and complete.

This Lemma is demonstrated in ( [Gro81c], Theorem 1.10).

Note that the Lemma 3.3.2 is false if X is not geodesic. Let, for example,
X = R with the metric d(x, y) = min{1, |x−y|}, then X is locally compact and
complete, but X is not proper (no ball of radius ≥ 1 is compact).

The following result is essentially the Lemma 2 of [Mil68] (See also the Theorem
1 of [Can84] and the Propositions 3.22 and 3.23 of [Gro81c]).

Proposition 3.3.3. Let X be a geodesic space and Γ be a discrete group acting
properly by isometries on X. If Γ\X is compact, then Γ is finitely generated and
Γ, endowed with the word metric (relative to any finite system of generators),
is quasi-isometric to X.

Proof. Since Γ acts by isometries, Γ\X is a metric space. Its diameter R is
finite (because Γ is compact and proper). Let us define

B = {x ∈ X : |x− x0| ≤ R},
S = {γ ∈ Γ : γ ̸= e and γB ∩B ̸= ϕ}

Let us observe that B is compact (because X is proper), and that {γB}γ∈Γ is
a covering of X; moreover S = S−1 and S is finite (because Γ acts properly).
Let λ = sup{|x0 − γx0| : γ ∈ S} and r = inf{d(B, γB) : γ ∈ Γ− (S ∪ {e})}.
Let us show that r > 0. The set E = {γ ∈ Γ − (S ∪ {e}) : |x0 − γx0| ≤ 4R}
is finite (since Γ acts properly), so r′ = inf{d(B, γB) : γ ∈ E} is nonzero (the
infimum is indeed attained since E is finite). If E is empty, we set r′ = ∞. We
can then easily see that r ≥ min{r′, R}. Let us observe the following,

Property of r : If there exist y, z ∈ X, σ ∈ Γ such that y ∈ B, z ∈ σB and
|y − z| < r, then σ ∈ S ∪ {e}

The Proposition 3.3.3 follows from the following assertions:

Spaces with negative curvature and hyperbolic groups 55



Hyperbolic Groups

(a) S generates Γ and for all γ ∈ Γ we have,

dS(1, γ) ≤
1

r
|x0 − γx0|+ 1

(b) |x0 − γx0| ≤ λdS(1, γ), ∀γ ∈ Γ

(c) The orbit Γx0 ⊂ X is quasi-isometric to X

Indeed, (a) and (b) imply that Γ is quasi-isometric to Γx0.

To prove (a), consider an element γ ∈ Γ. Let k be the smallest integer such
that |x0 − γx0| < kr + R. Let us choose a segment [x0, γx0] ⊂ X, and points
x1, x2, ..., xk+1 = γx0 in [x0, γx0] such that |x0 − x1| ≤ R and |xi − xi+1| < r
for 1 ≤ i ≤ k. Since X = ΓB, we can find for all i = 1, 2, ..., k + 1 an element
γi ∈ Γ such that xi ∈ γiB. We can choose γ1 = id and γk+1 = γ. Let us put
σi = γ−1i γi+1, so that γ = σ1σ2...σk. We have for 1 ≤ i ≤ k,

γ−1i xi ∈ B,

γ−1i xi+1 = σi(γi+1)
−1xi+1 ∈ σiB,∣∣γ−1i xi − γ−1i xi+1

∣∣ < r

Therefore, Property of r implies that σi ∈ S∪{e} for i = 1, · · · , k, which shows
that S generates Γ (because γ is arbitrary); more precisely, we have shown that
dS(1, γ) ≤ k.

Now (k − l)r +R ≤ |xo − γxo| (by minimality of k), so that

dS(1, γ) ≤ k ≤ 1

r
|x0 − γx0|+ 1− R

r

The inequality in (b) can be verified recursively: if γ = σ1σ2...σn with σi ∈
S ∪ {e}, then

|x0 − γx0| = |x0 − σ1σ2...σnx0|
≤ |x0 − σ1x0|+ |σ1x0 − σ1σ2...σnx0|
≤ λ+ (n− 1)λ

Finally, (c) is obvious because ΓB = X and diam(X) <∞.

Corollary 3.3.4. (i) Let Γ1 be a subgroup of finite index of a finitely gener-
ated group Γ2; then Γ1 and Γ2 are quasi-isometric.

(ii) If 1 → ∆ → Γ1 → Γ2 → 1 is an exact sequence of groups, and if ∆ is
finite, then Γ2 and Γ1 are quasi-isometric.

Proof. (i) Let X = G(Γ2, S) be the Cayley graph of Γ2 relative to a finite
system S ⊂ Γ2 of generators. Then X is locally compact and Γ1 operates
on X (properly by isometries); moreover, Γ1\X is compact.
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(ii) The homomorphism Γ1 → Γ2 defines a proper action Γ1 → Iso(X) for
which Γ1\X is compact.

We can state this corollary by saying that two commensurable finitely generated
groups are quasi-isometric.

Applied to Riemannian varieties, Proposition 3.3.3 gives the following result:

Corollary 3.3.5. Let M̂ be a Riemannian manifold, and let Γ ⊂ Iso(M̂) be a

discrete group of isometries acting properly. Let us assume that Γ\M̂ is compact.

Then Γ is finitely generated and is quasi-isometric to M̂ .

In particular,
The fundamental group of a compact Riemannian manifoldM is quasi-isometric
to its universal covering M̂ . Two compact Riemannian varieties with commen-
surable fundamental groups have quasi-isometric universal coverings. The fun-
damental group of a compact Riemannian manifold whose Ricci curvature is
positive is a finite group. (Indeed, according to Myer’s theorem, the universal
covering of such a variety is compact. (See [Gro87c], Proposition 4.1))

Recall that a group is hyperbolic if it is finitely generated and if there exists a
finite system of generators S ⊂ Γ such that Γ, with the word metric induced
by S, is a hyperbolic space. In the Chapter 5, we will prove the invariance of
hyperbolicity by quasi-isometry of geodesic spaces. Using that invariance we
obtain the following characteristics of hyperbolic groups.

Theorem 3.3.6. Let Γ be a discrete group; then the following conditions are
equivalent:

(i) Γ is finitely generated and hyperbolic

(ii) There exists a hyperbolic geodesic proper space X on which Γ operates
properly by isometries, such that diam(Γ\X) <∞

Proof. If Γ verifies (i), we can take the Cayley graph of X relative to a finite
system of generators. Reciprocally, if there exists a space X as described in
the statement, then Γ is quasi-isometric to X by the Proposition 3.3.3, so Γ is
hyperbolic by the Theorem 5.2.1.

We will see in the next chapter that any hyperbolic group acts simplicially on a
finite dimensional contractible polyhedron (properly discontinuous and with a
compact quotient). For infinite groups, this is a non-trivial condition (for finite
groups, one can take the polyhedron reduced to a point).

Theorem 3.3.6, with the Corollary 3.3.4, leads to:

Corollary 3.3.7. (i) If Γ1 is a subgroup of finite index of a hyperbolic group
Γ2, then Γ1 is hyperbolic.
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(ii) If 1 → ∆ → Γ1 → Γ2 → 1 is an exact sequence of groups, if ∆ is finite
and if Γ2 is hyperbolic, then Γ1 is hyperbolic.

Finally, the Proposition 3.3.3 and the Theorem 3.3.6 imply the promised result:

Theorem 3.3.8. Let (M̂, g) be a complete and simply connected Riemannian

manifold with curvature K ≤ κ < 0, and let Γ ⊂ Iso(M̂) be a discrete group

of isometries such that M = Γ\M̂ is compact. Then Γ is finitely generated and
hyperbolic.

In particular, the Fundamental group of a surface whose Euler characteristic
is negative is a hyperbolic group. For dimension 3, we have many examples of
compact varieties with negative curvature. For dimensions greater than 3, it is
not trivial to construct such varieties. However, it is known (See [Bor63]) that
all the rank 1 symmetric spaces (which are Riemannian varieties with curvature
verifying −4 ≤ K ≤ −1) have discrete compact groups of isometries (which are
therefore examples of hyperbolic groups).

3.4 Convexity and CAT

Definition 3.4.1. A geodesic space X is said to be geodesically convex if there
is one and only one geodesic segment [p, q] connecting any two points of X.
It is said to be convex metric if, given two parameterized geodesic segments
refinement (i.e., proportional to the arc length) g : [0, 1] → X, h : [0, 1] → X,
we have

|g(s)− h(s)| ≤ (1− s) · |g(0)− h(0)|+ s · |g(1)− h(1)|

(i.e., the distance function is a convex function of the parameter).

Example 3.4.2. A norm vector space is metrically convex.

Proof. Let g(s) = sx + (1 − s)y, h(s) = sx′ + (1 − s)y′ be two geodesics. We
have by the triangle inequality:

|g(s)− h(s)| = |s(x− x′) + (1− s)(y − y′)| ≤ (1− s) · |x− x′|+ s · |y − y′|

Proposition 3.4.3. A metrically convex geodesic space is geodesically convex.

This proposition is obvious. The converse is however not true; for example, an
open half-sphere is geodesically convex, although it is not metrically convex.

Proposition 3.4.4. A metrically convex geodesic space is contractible.

Spaces with negative curvature and hyperbolic groups 58



Hyperbolic Groups

Proof. We choose a base point and contract the points of the space along the
unique geodesic connecting them to the base point. By convexity of the distance,
this operation is continuous.

Proposition 3.4.5. Let X be a geodesic space verifying CATκ, κ ≤ 0; then
X is metrically convex.

Proof. Let g : [0, 1] → X, h : [0, 1] → X be two parameterized geodesic segment
refinement. Let t ∈ [0, 1] and let x0 = g(0), x1 = g(1), y0 = h(0), y1 =
h(1), p = g(t), q = h(t). Choose six points x∗0, x

∗
1, p

∗, y∗0 , y
∗
1 , q

∗ ∈ Hκ with
the following properties:

• x∗0, x
∗
1, y
∗
0 defines a comparison triangle for x0, x1, y0

• p∗ ∈ [x∗0, x
∗
1] is the point corresponding to p ∈ [x0, x1]

• y∗0 , y
∗
1 , x
∗
1 defines a comparison triangle for y0, y1, x1

• q∗ ∈ [y∗0 , y
∗
1 ] is the point corresponding to q ∈ [y0, y1]

• The points x∗0, y
∗
1 are located on either side of the line x∗1y

∗
0 (i.e., ]x∗0, y

∗
1 [ ∩ ]x∗1, y

∗
0 [=

∅).

Spaces with negative curvature and hyperbolic groups 59



Hyperbolic Groups

The segment [p∗, q∗] intersects the diagonal [x∗1, y
∗
0 ] at a point w∗. Observe that

|p∗ − q∗| = |p∗ − w∗| + |w∗ − q∗|. Choose a segment [x1, y0] ⊂ X and let w be
the point on [x1, y0] such that |w − x1| = |w∗ − x∗1|. As X satisfies CATκ, by
criterion (T ) we say that,

|p− w| ≤ |p∗ − w∗| and |q − w| ≤ |q∗ − w∗|,

from which we deduce that,

|p− q| ≤ |p− w|+ |w − q| ≤ |p∗ − w∗|+ |w∗ − q∗| = |p∗ − q∗|

On the other hand Hκ is metrically convex, for all κ ≤ 0, so

|p∗ − q∗| ≤ (1− t) · |x∗0 − x∗1|+ t · |y∗0 − y∗1 |

As a result,

|g(t)− h(t)| = |p− q| ≤ (1− t) · |x0 − x1|+ t · |y0 − y1|
= (1− t) · |g(0)− g(1)|+ t · |h(0)− h(1)|

In particular, if X is a geodesic space verifying CATκ, κ ≤ 0, then X is con-
tractible.

Remark 3.4.6. Converse of the Proposition 3.4.5 is false. A metrically convex
space does not necessarily satisfy CAT0.

Consider, for example, R2 with the norm |(x, y)| = (|x|p+ |y|p)
1
p . Let us denote

the associated metric space as Lp. Then Lp is a metrically convex space (because
it is a normed vector space). We claim that Lp verifies CAT0 if and only if p = 2.

Let g(s) = (s, 0) and h(t) = (0, t) (these are two geodesics of Lp from the point
w = (0, 0)). The angle of comparison with the Euclidean plane is given by the
cosine formula:

cos
(
α0(s, t)

)
=
s2 + t2 − |g(s)− h(t)|2

2st

Let us show that criterion (A0) is not satisfied if p ̸= 2.
Let s = 1 and define f(t) by,

d

dt
cos

(
α0(s, t)

)
=

1

2t
f(t)

Then f(t) = 1
t [(t

2 − 1)− (1− tp)(1 + tp)
2

p−1 ] and in particular, f(t) satisfies:

(i) f(t) ≡ 0 ⇐⇒ p = 2

(ii) If p ̸= 2, then f(t) = 0 ⇐⇒ t = 1

Spaces with negative curvature and hyperbolic groups 60



Hyperbolic Groups

(iii) f(t) = −f( 1t )

So, if p ̸= 2, then f changes sign at t = 1. Therefore, cos
(
α0(s, t)

)
is not

monotonic in (s, t) = (1, 1).

Metrically convex spaces have been studied by Busemann [Bus48].
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Chapter 4

Primary properties of
hyperbolic groups

Eliane Salem

Translated and read by Soumyadip Kar as part of a reading project at
Cheentan Research Foundation

In this chapter, we present a result of I. Rips which implies that a hyperbolic
group Γ has the following properties (see Theorem 1.4.12):

1. Γ is finitely presentatable,

2. Γ has a finite number of conjugacy classes of torsion elements,

3. The cohomology groups Hk(Γ,Q) are zero if k is large enough.

Here is the result:

Theorem 4.0.1 (I.Rips). Suppose Γ is a hyperbolic group. There exists a
finite-dimensional contractible locally finite simplicial complex P on which Γ
acts simplicially, faithfully, properly discontinuously, such that the quotient Γ/P
is compact (this implies the action is cocompact).

Suppose Γ is a finitely generated group and let S ⊂ Γ (with S = S−1 and
e /∈ S) be a finite set of generators of Γ. In the first section of this chapter,
for all integer n ≥ 1, we associate the Rips complex Pn(Γ, S) with Γ. This is a
finite dimensional locally finite simplicial complex, on which the group Γ acts
simplicially, faithfully, and properly discontinuously, and with a compact quo-
tient. In the second section of this chapter, we will show that, if the group Γ is
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a hyperbolic group (for the word metric associated with the system of genera-
tors S), then the simplicial complex Pn(Γ, S) is contractible for large enough n
(Rips’ theorem). At last, in the third section, we show that a hyperbolic group
has the above three properties stated at the beginning of this chapter.

The results of this chapter are set out in Sections 1.7 and 2.2 from [Gro87a].
The proofs given here are based on introductory lectures by E. Ghys.

4.1 Construction of the Rips Complex Pn(Γ, S)

Throughout this chapter, Γ denotes a finitely generated group and S is a finite
set of generators of Γ; we always assume (and we will not recall it again) that
S−1 = S and e /∈ S. We denote the metric on the words of Γ associated
with S by d. It is invariant under left translations: if γ, γ′, γ′′ ∈ Γ we have
d(γγ′, γγ′′) = d(γ′, γ′′).

Definition 4.1.1. Let n be an integer, n ≥ 1. The Rips complex Pn(Γ, S) is
the simplicial complex whose k-simplexes are the (k + 1)-tuples (γ0, γ1, ..., γk)
of distinct elements of Γ, such that for each pair (γi, γj), maxi,jd(γi, γj) ≤ n.
We endow Pn(Γ, S) with the weak topology.

Remark 4.1.2. 1. The complex Pn(Γ, S) is locally finite and of finite dimen-
sion. Indeed, let b be the cardinality of the closed ball

B(e, n) = {γ ∈ Γ : d(e, γ) ≤ n.}

Then Pn(Γ, S) has dimension at most (b− 1), and each vertex of Pn(Γ, S)
has degree exactly (b− 1).

2. The vertices of Pn(Γ, S) are the elements of Γ. The 1- skeleton of Pn(Γ, S)
is the Cayley graph of the group Γ for the system of generators B(e, n)−
{e}.

Example 4.1.3. If Γ = Z and S = {1,−1}, the Rips complex P2(Γ, S) is
represented by the following figure.

The group Γ acts simplicially on Pn(Γ, S) by left translation: if σ = {γ0, γ1, ..., γk}
is a k -simplex of Pn(Γ, S) and if γ ∈ Γ, then γσ is the k-simplex (γγ0, γγ1, ..., γγk).
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Proposition 4.1.4. The action of Γ on Pn(Γ, S) defined above has the following
properties:

1. The action is faithful.

2. The stabilizer of any simplex is finite.

3. The action is properly discontinuous.

4. The space of orbits is compact(Cocompact).

5. If Γ is torsion-free, then the action is free.

Proof. (1) The action is free on all the vertices of Pn(Γ, S), and therefore faithful.

(2) If γ ∈ Γ leaves the k-simplex (γ0, γ1, ..., γk) invariant, then γ swaps the
(k + 1) elements γ0, γ1, ..., γk of Γ and therefore the stabilizer of all simplex of
Pn(Γ, S) is finite.

(3) If σ and σ′ are two simplexes of Pn(Γ, S), the set

{γ ∈ Γ : γσ ∩ σ′ ̸= ϕ.}

is finite. As any compact subset C of Pn(Γ, S) can be covered by a finite number
of simplices of Pn(Γ, S). We deduce that the set

{γ ∈ Γ : γC ∩ C ̸= ϕ}

is finite.

(4) Let A be the finite union of all the simplices of Pn(Γ, S) having e ∈ Γ as
one of their vertices. The set A is compact, and the inclusion of A in Pn(Γ, S)
induces a homeomorphism of Γ \A on Γ \ Pn(Γ, S). Note that, for any simplex
σ of Pn(Γ, S), there exit an element γ ∈ Γ such that γσ ∈ A.

(5) The assertion follows from (2).

Remark 4.1.5. In general, the quotient space Γ \ Pn(Γ, S) is not a simplicial
complex. Let P ′′n (Γ, S) be the second barycentric subdivision of the complex
Pn(Γ, S). The action of Γ on Pn(Γ, S) by left translation induces a simplicial ac-
tion of Γ on P ′′n (Γ, S) which also satisfies the properties (1) to (5) of Proposition
4.1.4. Let p be a vertex of P ′′n (Γ, S) and γ an element of Γ such that p ̸= γp;
then the stars of p and γp are disjoint. It follows that the quotient Γ \P ′′n (Γ, S)
is a simplicial complex, and that the projection map

π : P ′′n (Γ, S) → Γ \ P ′′n (Γ, S)

is simplicial (see [Bre72], page 117).

7.Notation The Cayley graph G(Γ, S) defined in Chapter 1 is identified with
a part of the 1-skeleton of Pn(Γ, S). Therefore, two vertices γ and γ′ of Pn(Γ, S)
can be joined in Pn(Γ, S) by a curve which is in G(Γ, S) and which is a geodesic
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segment in the sense of Definition1.4.1 and Example1.4.2. We denote a curve by
[γ, γ′], although it is in general not only defined by its extremities γ and γ′. For
writing of γ−1γ′ as the product of minimum number of generators s1, s2, ..., sl
corresponds to a geodesic segment [γ, γ′] which is union of 1-simplexes

(γ, γs1), (γs1, γs1s2), ..., (γs1s2...sl−1, γ
′)

of Pn(Γ, S); these simplexes are also edges of length 1 in G(Γ, S).

4.2 Proof of Rips’ Theorem

In the previous section, we consider a finitely generated group Γ and its finite
set of generators as S and the Rips complex Pn(Γ, S) for an integer n ≥ 1. The
goal of section 2 is to complete the proof of Theorem 4.0.1 by showing that, if
Γ is hyperbolic, then Pn(Γ, S) is contractible for sufficiently large n.

We also consider a number δ ≥ 0. We say that Γ is δ-hyperbolic for S and if the
space Γ satisfies the conditions of the Definition 2.1.3 when we endow it with
the word metric defined by S.

Lemma 4.2.1. We assume that Γ is δ-hyperbolic for the finite set of generators
S. Given an integer n ≥ (4δ + 2) and a vertex γ0 of Pn(Γ, S).

If γ is a vertex of Pn(Γ, S) such that d(γ0, γ) > [n2 ], there exists a vertex γ′ of
Pn(Γ, S) such that

1. d(γ0, γ
′) = d(γ0, γ)− d(γ′, γ),

2. d(γ′, γ) = [n2 ],

3. for any segment γ′′ of Pn(Γ, S),

then we have

d(γ′, γ′′) ≤ max {[n
2
] + d(γ0, γ”)− d(γ0, γ); d(γ, γ

′′)− [
n

2
]}+ 2δ.

Proof. We choose a geodesic segment [γ0, γ] as in Theorem 4.3.4 and we take γ′

as the vertex of this segment such that d(γ′, γ) = [n2 ], so that we have (1) and
(2).

For all γ′′ ∈ Γ, by the definition of δ-hyperbolicity

d(γ′, γ′′) + d(γ0, γ) ≤ max {d(γ′, γ) + d(γ0, γ
′′), d(γ0, γ

′) + d(γ′′, γ)}+ 2δ.

Inequality (3) follows.

Proposition 4.2.2. Let Γ is a δ-hyperbolic group and S is the set of gen-
erators of Γ. We consider a finite simplicial complex K whose vertices are
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{P0, P1, ..., Pk}, where an integer n ≥ 4δ+2 and f : K → Pn(Γ, S) is a simplical
map. Then there exists a continuous homotopy h : K × [0, 1] → Pn(Γ, S) from
f to a simplicial map f ′ : K → Pn(Γ, S) such that

d(f ′(P0), f
′(Pj)) ≤

n

2
, for any vertex pj of K.

Proof. Let pi be a vertex of K such that

d(f(p0), f(pi)) = {sup 1≤j≤kd(f(p0), f(pj))}

Let us assume that d(f(p0), f(pi)) >
n
2 , otherwise we are done. By applying

Lemma 4.2.1 with γ0 = f(p0) and γ = f(pi), there is a vertex γ′ of Pn(Γ, S)
such that

1. d(f(p0), γ
′) = d(f(p0), f(pj))− n

2 ,

2. For any vertex pj of K, we have

d(γ′, f(pj)) ≤ max {[n
2
] + 2δ; d(f(pi), f(pj))− [

n

2
] + 2δ}.

for n ≥ 4δ + 2, we have [n2 ] + 2δ ≤ n and 2δ − [n2 ] ≤ 0, hence

3. for any vertex pj ∈ K, we have

d(γ′, f(pi)) ≤ max {n; d(f(pi), f(pj))}.

Let the map h1 : K × [0, 1] → Pn(Γ, S) defined on vertex of K by

h1(pi, t) =

{
f(pi) f(pi) ̸= f(pj)

tγ′ + (1− t)f(pi) f(pi) = f(pj)

and extended to the simplices of K (which is possible thanks to the in-
equality in Lemma 4.2.1(3)) by

h1(

k∑
j=0

λjpj , t) =

k∑
j=0

λjh1(pj , t),

where 0 ≤ λj ≤ 1 and
∑k
j=0 λj = 1. This verifies h1 is a continuous

homotophy from f to a simplicial map f1 : K → Pn(Γ, S).

4. If pj is a vertex of K such that d(f(p0), f(pj)) ≤ [n2 ], so f1(pj) = f(pj).

5. We have d(f1(p0), f1(p1)) = d(f(p0), f(pi))− [n2 ].
If sup0≤j≤nd(f1(p0), f1(pj)) ≤ n, then the proof is complete.
Otherwise we choose a vertex pi of K such that

d(f1(p0), f1(pi′)) = Sup1≤j≤kd(f1(p0), f1(pj))
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and we construct a homotophy h2 from f1 to a map f2 as above such that

d(f2(p0), f2(pi′)) = d(f1(p0), f1(pi′))− [
n

2
].

By repeating this a finite number of times, we obtain a sequence h1, h2, ...
whose composition is a homotophy having the properties of the statement.

Theorem 4.2.3 (Rip’s theorem). Let us assume that the group Γ is δ−hyperbolic
for the set of generators S. If n ≥ 4δ + 2, then the Rips complex Pn(Γ, S) is
contractible.

Proof. Let K be a non-empty finite subcomplex of Pn(Γ, S) consists of vertices
{p0, p1, ..., pk}. It suffices to show that K is deformable in a point in Pn(Γ, S)
(see [Spa66], page 171). But Proposition 4.2.2 shows that K is deformable in
Pn(Γ, S) to a subcomplex K ′ of vertices contained in the ball

B = {γ ∈ Γ : d(p0, γ) ≤ [
n

2
]}.

If max {d(γ′, γ”) : γ′, γ” ∈ B} ≤ n, the subcomplex K ′ is contained in a simplex
of Pn(Γ, S), and therefore K is deformable at a point.

Corollary 4.2.4. We assume that the group Γ is δ−hyperbolic for the set of
generators S. If n ≥ 4δ + 2, any simplicial map from the circle S1 to Pn(Γ, S)
can be extended to a simplicial mapping from disk D2 into Pn(Γ, S).

Let us summarize Proposition 4.1.4 and Theorem 4.2.3 as follows.

Theorem 4.2.5. Let Γ be a hyperbolic group. There is a locally finite, finite-
dimensional contractible simplicial complex P on which Γ acts as a simplicial,
faithful, and properly discontinuous, so that

1. The stabilizer of any simplex is finite.

2. If p is a segment of P and γ an element of Γ such that p ̸= γp, then the
stars of p and γp are disjoint.

3. The space of orbits Γ \ P is a finite simplicial complex and the projection
map π : P → Γ \ P is simplicial.

4. Moreover if Γ is torsion free, then action is free.

Proof. Let S and n be as in Theorem 4.2.3. We can take P as the second
barycentric subdivision of Pn(Γ, S).
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4.3 Corollaries of Rips’ theorem

Proposition 4.3.1. A hyperbolic group Γ has a finite number of conjugate
classes of torsion elements.

Proof. Let P be a simplicial complex with the properties from the Theorem
4.2.5 and if γ ∈ Γ is a torsion element (γn = e, n ≥ 2, γm ̸= efor 0 < m < n),
then γ leaves a simplex σ of P invariant. Indeed, if this were not the case, the
cyclic group Z \ nZ generated by γ would act freely on P and therefore there
exist l ≥ 0 such that Hk(Z \ nZ) = 0 for all k > l which is not possible [Bro82],
page 58). Moreover, if γ leaves the simplex σ invariant, then γ′γγ−1 leaves the
simplex γ′σ invariant for γ′ ∈ Γ.

Let S(γ) be the set {σ ∈ P : γσ = σ}. As S(γ′γγ−1) = γ′S(γ) for any element
γ′ ∈ Γ, can be associated with any conjugation class of a torsion element γ ∈ Γ
is the non-empty finite subset, π(S(γ)) of simplices of Γ \ P.
If v is an another torsion element of Γ with π(S(γ)) = π(S(v)), then for any
simplex σ of S(γ), there exists an element γ′ of Γ such that γ′σ ∈ S(v), hence
γ′−1vγ′ leaves σ invariant. Since the simplicial complex Γ \ P is finite and the
stabilizer of any simplex of P is finite, we can deduce that there is only a finite
set of conjugation classes of torsion elements in Γ.

For any integer k ≥ 0, Hk(Γ,Q) is the kth group of the cohomology of Γ with
coefficients belonging to the field of rational numbers (equipped with the banal
action of Γ). Recall that Hk(Γ,Q) = Hk(X,Q) if X is an Eilenberg-McLane
space K(Γ, 1); see [Bro82, chapter III].

Proposition 4.3.2. If Γ is a hyperbolic group, there exist an integer l ≥ 0 such
that Hk(Γ,Q) = 0 for all k > l.

Proof. Let P be a simplicial complex with the properties of the Theorem 4.2.5.

First assume that Γ is torsion free so that Γ acts freely on P and Hk(Γ,Q) =
Hk(Γ \ P,Q) for all k ≥ 0. Then Hk(Γ,Q) = 0 for all k, where k is strictly
greater than the dimension of Γ \ P (which is that of P ).

If Γ is a torsion group, we can invoke a standard spectral sequence argument.
You can also proceed as follows. Let BΓ be the classifying space of Γ and EΓ be
its universal covering, which is contractible. We denote the quotient of EΓ×P by
the natural action of Γ by EΓ×ΓP. The projection EΓ×P → EΓ induces a map
EΓ×Γ P → BΓ which is the fibration of the associated with the fiber P to the
covering EΓ → BΓ and the action of Γ on the fiber P of P is contractible, this
fibration is a homotopy equivalence, and we have Hk(r,Q) = Hk(EΓ ×Γ P,Q)
for all k ≥ 0.

The projection EΓ × P → P induces a map f : EΓ ×Γ P → Γ \ P which
is continuous and surjective. Let {p1, p2, ..., pm} be the vertices of the finite
simplicial complex Γ \ P . For all i ∈ {1, ...,m}, let us choose a vertex qi of P
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projecting onto pi and let Γi be the isotropy group of qi in Γ. Let Vi be the
union of all the simplexes of P containing qi in their adherence (this is the star
of qi) and let Ui be the image of Vi in Γ \ P. Then the open set Vi is invariant
under Γi and we have γVi ∩ Vi = ϕ for all γ ∈ Γ− Γi (here we use the property
(2) of Theorem 4.2.5). Moreover

Ui = Γi \ Viand f−1(Ui) = EΓ×Γ ΓVi = EΓ×Γi Vi,

where ΓVi; denotes the Γ-saturates of Vi in P.

As Γi acts freely on EΓ, the space EΓ/Γi is aK(Γi, 1). The natural map EΓ×Γi :
Vi → EΓ/Γi is a fibration, which has contractile fiber Vi, so it is a homotopy
equivalence and H∗(f−1(Ui),Q) = H∗(Γi,Q). But Γi is a finite group, so its
rational cohomology is a point (see [Bro82], page 59), and hence H∗(f−1(Ui),Q)
is the cohomology of a point for any i ∈ {1, ...,m}. Similarly, for any non-empty
intersection W = Ui1 ∩ ... ∩ Uik of open sets taken among {U1, ..., Um}, the
cohomology H∗(f−1(W ),Q) is a point.

A proposition of Leray shows that the cohomology

H∗(EΓ×Γ P,Q)

is the cohomology of the Cech complex C∗(W,Q), where W is the covering
(f−1(Ui))1≤i≤m of EΓ ×Γ P. (This proposition results from a Mayer-Yietoris
argument; see [Ler50], as well as the Theorem 7.26 of [Rot88].) This results in
Hk(EΓ×Γ P,Q) = 0 for large enough k.

15-Notation Let Γ be a group generated by S, where S is finite. Let L(S) be
the free group on S and π : L(S) → Γ be the canonical homomorphism. Every
element w ∈ L(S) has a unique reduced notation w = s1, ..., sl with si ∈ S and
si+1 ̸= s−1i ; where the integer l is the length of w.

Consider an integer n ≥ 1, and the Rips complex Pn(Γ, S). If (γ0, γ1) is an
oriented 1-simplex of Pn(Γ, S), we define E(γ0, γ1) as the subset of L(S) con-
taing all the reduced words w such that π(w) = γ−10 γ1. We define E(γ0, γ1)
to be the empty word if γ0 = γ1. If σ = (γ0, γ1, γ2) is an oriented 2-simplex
of Pn(Γ, S) we denote E(γ0, δσ) the set of words of the form w0w1w2, where
w0 ∈ E(γ0, γ1), w1 ∈ E(γ1, γ2) and w2 ∈ E(γ2, γ0).

We consider a simplicial map F : D2 → Pn(Γ, S), where D
2 is an oriented

simplicial disk. We associate every oriented 1-simplex (x0, x1) of D2 as the
subset EF (x0, x1) = E(F (x0), F (x1)). If c is a path in D2, which is the union
of the 1-simplexes (xi, xi+1), where 0 ≤ i ≤ m− 1, we associate it with the set
EF (x0, c) of all the words in the form w0...wm, where wi ∈ EF (xi, xi+1).

Definition 4.3.3. Let Γ be a group generated by a finite set of generators S.
For any integer n ≥ 1, the set Rn is the subset of the free group L(S) consisting
words of the form ww′−1, where w,w′ ∈ E(e, γ) and (e, γ) is a 1-simplex of
Pn(Γ, S) and words of E(e, δσ) where σ is an oriented 2-simplex of Pn(Γ, S)
containing e.
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Note that any word of Rn has length at most 3n; in particular Rn is finite.

Proposition 4.3.4. Let the group Γ is δ−hyperbolic for the set of generators
S and we choose an integer n ≥ 4δ + 2. Let Rn be the subset of the free group
L(S) defined as above. Then ⟨S;Rn⟩ is a presentation of Γ.

Proof. Let π : L(S) → Γ be the canonical homomorphism and w ∈ Ker π. We
have to show that w is a product of conjugates elements of Rn.

Let w = s1...sl be the reduced word in L(S), and let S1 be a simplicial circle
contain the l vertices po < p1 < ... < pl = po. We associate a pointed simplicial
map f : (S1, p0) → (Pn(Γ, S), e) to w which satisfies for all i ∈ {1, 2, ..., l}. The
1-simplex (pi−1, pi) from S1 over the 1-simplex (s1, ..., si1 , s1, ..., si) of Pn(Γ, S).

As n ≥ 4δ+2, the complex Pn(Γ, S) is contractible. Hence there is an oriented
simplicial 2-disc D2 and a simplicial map F : D2 → Pn(Γ, S) such that the
boundary of D2 is the simplicial circle S1 (with vertices p0, p1, ..., pl = p0) and
F extends to f. On note σ1, σ2, ..., σN are the oriented 2-simplexes of D2.

Given i ∈ {1, ..., N} and a vertex x of σi, we define the subset EF (x, δσi) of L(S)
as follows. If F (σi) is a 0-simplex, EF (x, δσi) is the empty word. If F (σi) is a
1-simplex (F (x), F (x′)), then EF (x1δσi) is the set of words of the form ww′−1

with w and w′ in E(e, F (x)−1F (x′)). Finally if F (σi) is an oriented 2-simplex
of Pn(Γ, S), then EF (x, δσi) is the set

E(e, δ(F (x)−1F (σi)))

defined at Notation 4.3. In all cases, EF (x, δσi) is a subset of Rn.

For i ∈ {1, ..., N}, we consider the set of couples (x, c), Ai, where x is a vertex
of σi and c an oriented path from p0 to x in the 1-skeleton of D2.We denote the
set of words of the forms αrα−1 by Mi where α ∈ EF (p0, c) and r ∈ EF (x, δσi).

By construction of f, we have w ∈ EF (p0, S
−1). But any word of EF (p0, S

1)
can be written as a product of words mi ∈ Mi for i = 1, ..., N, therefore the
product of word are conjugates of Rn.

Primary properties of hyperbolic groups 70



Chapter 5

Quasi-isometries and
quasi-geodesics

Etienne Ghys and Pierre de la Harpe

Translated and read by Supriti Laha as a part reading project at Cheentan
Research Foundation

We have already indicated in Chapter 1 how it was both necessary and advan-
tageous to weaken the relation of isometry to that of quasi-isometry. In the
same way, we introduce here a notion of quasi-isometric map of one space into
another; it is a notion of morphism well suited to objects such as hyperbolic
spaces. The quasi-geodesics of a metric space X are then the quasi-isometries
(or their images) of the real line (or rational numbers) in X. For technical rea-
sons, we also introduce the local-quasi-geodesic in X: these are the R → X or
Z → X whose restrictions at suitable intervals are quasi-isometric.
This chapter is devoted to the proof of a fundamental approximation result
for a geodesic hyperbolic space: at a finite and controllable distance of a quasi-
geodesic segment, or even of a quasi-local-segment, there is always a true geodesic
segment (Section 5.1 and 5.4, Theorems 5.1.10 and 5.4.1); when the space is
proper, this extends to radii (half-geodesics) and minimizing geodesics (Section
5.5, Theorem 5.5.1). It follows in particular that the property for a finitely
generated group to be hyperbolic, that is the property which is defined in terms
of a finite system of generators, is independent of any choice of such a system
(Section 5.2, Corollary of Theorem 5.2.1). Gromov gives quite different (and in
fact more complex) indications for this crucial point of the theory (see page 76
of [Gro87a]). We finally show a criterion that will be useful in Chapter 8 so that
a sequence of points defines a quasi-geodesic segment (Section 5.3, Theorem
5.3.1).
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5.1 Geodesic segments and quasi-segments

Notions involving L in the first two definitions no longer appear before Section
5.4.

Definition 5.1.1. We consider metric spaces X0 and X, a mapping F : X0 →
X and three numbers λ ≥ 1 c ≥ 0 and L > 0. We says that F is an isometry if

|F (s)− F (t)| = |s− t|

for all s, t ∈ X0 (this does not imply that F is surjective), that F is a (λ, c, L)-
local-quasi-isometry if

1

λ
|s− t| − c ≤ |F (s)− F (t)| ≤ λ|s− t|+ c

for all s, t ∈ X0 such that |s − t| ≤ L, and that F is a (λ, c)-quasi-isometry if
these last inequalities are true for all s, t ∈ X0.

Definition 5.1.2. Let X be a metric space and I an interval of Z or of R.
An isometry g : I → X is

• a geodesic segment in X if I is bounded (see the Definition 1.4.1)

• a ray or minimizing ray if I is semi-infinite,

• a minimizing geodesic if I is Z or of R.

A (λ, c)-quasi-isometry f : I → X is

• a (λ, c)-quasi-segment if I is bounded,

• a (λ, c)- quasi-ray if I is semi-infinite,

• a (λ, c)-quasi-geodesic if I is Z or of R.

A (λ, c, L)-local-quasi-isometry f : I → X is

• a (λ, c, L)-local-quasi-segment if I is bounded,

• a (λ, c, L)-quasi-local-ray if I is semi-infinite,

• a (λ, c, L)-local-quasi-geodesic if I is Z or of R

Remark 5.1.3. (i) We also say quasi-isometry and local-quasi-isometry, quasi-
segment and local-quasi-segment, ... if the constants (λ, c, L) don’t matter.

(ii) It is easy to verify that two spaces X0 and X1 are quasi-isometric within
the meaning of Definition 1.2.4 if and only if there is a quasi-isometry
F : X0 → X1 such that
supx∈X d(x, Im(F ) <∞.
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(iii) The notions of quasi-segment, quasi-ray and quasi-geodesic are obviously
invariant under quasi-isometry, unlike to the notions introduced by Gro-
mov in n0 7.2 of [Gro87a].

(iv) We define as for the case of segments quasi-segments parameters and ge-
ometries, and we commit the same abuses (see Definition 1.4.1).

(v) A quasi-isometry defined on R is not necessarily continuous, as evidenced
by the mapping R → Z which associates it with a number of its integer
part. A quasi-isometry can be locally “very irregular”; it is for example
easy to construct such a map f : R → R2 which, for all i ∈ Z, maps the
interval [i, i + 1] on the square of equations i ≤ x ≤ i + 1 and 0 ≤ y ≤ 1
(this is a variant of the Peano curve).

(vi) It would be less abusive to name minimizing-quasi-geodesic the quasi-
geodesics defined above. We give it up although, in one variety, a geodesic
in the classical sense is defined by a local property and is therefore not
necessarily a quasi-geodesic in the above sense.

(vii) When I = {m,m+ 1, · · · , n} is a bounded interval of Z, we often denote
the following usage (xi)m≤i≤n as a mapping of I in X. Similarly for
(xi)i≥0 and (xi)i∈Z.

Definition 5.1.4. Let X be a metric space, Y and Z two non-empty subsets
of X, and H a positive real number. We call H-neighborhood of Y in X and
we denote the set by VH(Y )= {x ∈ X : d(x, Y ) < H}.
We call Hausdorff distance of Y and Z, and we denote H(Y,Z), defined by the
number

inf{H > 0 : Y ⊂ VH(Z) and Z ⊂ VH(Y )}

if this expression has a meaning, and by ∞ if not. Let A, B be two non-empty
sets and f : A → X, g : B → X two maps. We call the Hausdorff distance of
f and g, and we note H(f, g), the Hausdorff distance of the images f(A) and
g(B).

Remark 5.1.5. The Hausdorff distance is not a distance in the strict sense, first
because it takes infinite values, then because H(Y,Z) = 0 does not necessarily
imply Y = Z. But it doesn’t matter here.
The following result is the central theorem of this chapter. It reappears in a
slightly reinforced form in Theorem 5.1.10, and we can see Theorems 5.2.1, 5.3.1,
5.4.1 and 5.5.1 as corollaries and variants.

Theorem 5.1.6. Given three real numbers δ ≥ 0, λ ≥ 1 and c > 0, if there
exists a constant H = H(δ, λ, c) having the following property. Let X be a δ-
hyperbolic geodesic space, I = [0, a] an bounded interval in Z or R, and f : I →
X a (λ, c)-quasi-segment. Let J denote the interval [0, |f(a) − f(0)|] of R and
choose a geodesic segment f : J → X with origin f(0) and extremity f(a). So
Im(f) ⊂ VH(Im(g)).
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Lemma 5.1.7. We consider a metric space F , two points x0, xn ∈ F and a
geodesic segment [x0, xn] which joins them. We consider also a constant c′ > 0,
a metric tree T and a map Φ : F → T such that the restriction of Φ to [x0, xn]
is an isometry.

We have |u− v| − c′ ≤ |Φ(u)− Φ(v)| ≤ |u− v| for all u, v ∈ F.
Let x be a point of F . We choose y ∈ [x0, xn] such that |x− y| = d(x, [x0, xn]).
Let z ∈ T be the point of [Φ(x0),Φ(xn)] at minimum distance of Φ(x) and let
z ∈ [x0, xn] such that Φ(z) = z′. So |y − z| ≤ c′.

Proof. We have |x− y| ≤ |x− z| and

|x− y| − c′ ≤ |ϕ(x)− ϕ(y)| ≤ |x− y|,

|x− z| − c′ ≤ |ϕ(x)− ϕ(z)| ≤ |x− z|.

So |ϕ(y) − ϕ(z)| = |ϕ(y) − ϕ(x)| − |ϕ(x) − ϕ(z)| ≤ |x − y| − |x − z| + c′ and
consequently |y − z| ≤ c′.

Lemma 5.1.8. Reduction in the case where c = 0. We take the notations
of Theorem 5.1.6, and we consider a (λ, c)-quasi-segment f : I → X. Then
there is a constant λ′ = λ′(λ, c), an interval I ′ of Z and a (λ, 0)-quasi-segment
f ′ : I ′ → X from f(0) to f(a) such that

Im(f) ⊂ VH(Im(f ′)) and H = max{(2λ2 + 1)c, λ2c+ 2λ+ c}.

Proof. First suppose that I is an interval [0, a] of R. If a ≤ 4λc, for all t ∈ [0, a]
is 2λc-close to {0, a}, so that the distance between f(t) and f({0, a}) does not
exceed 2λ2c+ c. We therefore choose a geodesic segment f ′ from f(0) to f(a),
and we have Im(f) ⊂ V(2λ2+1)c(Im(f ′)).
We can therefore assume a > 4λc. We choose an integer a′ such that a

4λc < a′ <
a

2λc we denote the interval {0, 1, ..., a′} of Z, and we set ti =
i
a′ a for all i ∈ I ′

(so that t0 = 0 and ta′ = a). We define f ′ : I ′ → X by f ′(i) = f(ti). We first
check easily that

Im(f) ⊂ V(2λ2+1)c(Im(f ′)).

Let i, j ∈ I ′ be such that i ̸= j. By assumption on f , we have

1

λ
|ti − tj | − c ≤ |f(ti)− f(tj)| ≤ λ|ti − tj |+ c
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So

(
1

λ

a

a′
− c)|i− j| ≤ |f ′(i)− f ′(j)| ≤ (λ

a

a′
+ c)|i− j|.

As 1
λ
a
a′ − c > c and λ a

a′ + c < 4λ2c+ c by choice of a′, we can set

λ′ = max{1
c
, 4λ2c+ c}.

We have
1

λ′
|i− j| ≤ |f ′(i)− f ′(j)| ≤ λ′|i− j|.

for all i, j ∈ I ′, so that f ′ is a (λ′, 0)-quasi-segment.
Suppose then that I is an interval {0, 1, ..., a} of Z. We set λ′ = max{λ, λ2c +
2λ+ c}. Let N be the integer such that λc+ 1 ≤ N < λc+ 2, and let a′ be the
integer part of a

N . Let us denote the interval {0, 1, ..., a
′} and define f ′ : I ′ → X

by f ′(i) = f(Ni). For all i ∈ I, there exists i′ ∈ I ′ such that |i−Ni′| ≤ N , So
that

|f(i)− f ′(i′)| ≤ λN + c ≤ λ2c+ 2λ+ c ≤ λ′.

Subsequently Im(f) ⊂ VH(Im(f ′)). Let i, j ∈ I ′ such that i ̸= j. As N
λ − c ≥

1
λ ≥ 1

λ′ and λN + c ≤ λ′, we have by hypothesis on f

1

λ′
|i− j| ≤ 1

λ
|Ni−Nj| − c ≤ |f ′(i)− f ′(j)| ≤ λ|Ni−Nj|+ c ≤ λ′|i− j|

and f ′ is an (λ′, 0)-quasi-segment.

Proof of Theorem 5.1.6. The previous lemma shows that we does not restrict
the generality by assuming that I is an interval {0, 1, ..., n} of Z and that f :
I → X is a (λ, c)-quasi-segment. We set xi = f(i) for all i ∈ I. We choose
a geodesic segment [x0, xn] with extremities x0 and xn, and we have to show
that {xi}0≤i≤n is contained in the H-neighborhood VH([x0, xn]) for a constant
H not depending on δ, λ and c. The following argument is an adaptation from
that found in Thurston’s notes (see Proposition 5.9.2 of [Thu79]). Let us first
define H. We choose an integer N ≥ 1 such that log2(N + 2) ≤ N

4δλ − 2. We
denote by k the integer satisfying k−1 < log2(N +2) ≤ k, we set c′ = 2(k+1)δ
and R = 1

2λN + c′. We then observe that

1

λ
− 2

c′

N
>

4δ

N
(log2(N + 2) + 2)− 2

c′

N
>

2

N
(2(k + 1)δ − c′) = 0

and finally put

H = R+ λ+ 2λ

(
1

λ
− 2

c′

N

)−1
(R+ λ+ c′).

There is nothing to show if Im(f) is in the R-neighborhood of the segment
[x0, xn], and we now assume that Im(f) ̸⊂ VR, where we write VR for VR([x0, xn]).
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Consider integers u, v ∈ {1, 2, ..., n− 1} such that
u ≤ v, xu−1 ∈ VR, xv−1 ∈ VR and {xu, xu+1, xv ⊂ X − VR}.
Let I0 = {u, · · · , v} For all i ∈ I0, we choose yi ∈ [x0, xn] such that |xi − yi| =
d(xi, [x0, xn]).

We consider integers i, j ∈ I0 such that 0 ≤ j − i ≤ N . Set F as [x0, xn] ∪
{xi, · · · , xj} and choose x0 as base point of F . As N + 2 ≤ 2k, Theorem
2.2.1.(ii) shows that there is a real tree points of T and a map Φ : F → T
such that the restriction of Φ to [x0, xn] is an isometry, we have |p − q| − c′ ≤
|Φ(p)− Φ(q)| ≤ |p− q| for all p, q ∈ F .
We have

d (Φ(xi), [Φ(x0),Φ(xn)]) ≥ R− c′

d(Φ(xj), [Φ(x0),Φ(xn)]) ≥ R− c′

|Φ(xi)− Φ(xj)| ≤ |xi − xj | ≤ λN.

As λN = 2(R− c′), a minimum distance of [Φ(x0),Φ(xn)] from the point Φ(xi)
coincides with a minimum distance from Φ(xj). It follows from Lemma 5.1.7
that |yi − yj | ≤ 2c′.
By successively applying the preceding argument to the pairs

(i, j) = (u, u+N), (u+N, u+ 2N), · · ·

we obtain

|xu − xv| ≤ |xu − yu|+ |yu − yu+N |+ |yu+N − yu+2N |+ · · ·+ |yv − xv|

≤ R+ λ+

(
|u− v|
N

+ 1

)
2c′ + λ+R.

But on the other hand we have 1
λ |u− v| ≤ |xu − xv| and later

|u− v|
(
1

λ
− 2

c′

N

)
≤ 2(R+ λ+ c′).

It follows that

|xu − xi| ≤ λ

(
1

λ
− 2

c′

N

)−1
2(R+ λ+ c′)
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for all i ∈ {u, u+1, · · · , v}, so that {xu, xu+1, · · · , xv}, is in the ball with center
xu and radius H − R − λ, and a fortiori in VH([x0, xn]). The above applies to
any “related component” {xu, xu+1, · · · , xv} of Im(f) ∩ (X − VR([x0, xn])), we
have Im(f) ⊂ VH([x0, xn]).

Theorem 5.1.10 below expresses the same idea as Theorem 5.1.6.

Lemma 5.1.9. Given three real numbers λ ≥ 1, c ≥ 0 and H ′ ≥ 0, there exists
a constant H = H(λ, c,H ′) having the following property. Let X be a metric
space, I = [p, q] and J = [r, s] be two intervals from Z to R, as well as f : J → X
and g : J → X two maps. Suppose: f is an (λ, c)-quasi-segment, g is a geodesic
segment, |f(p) − g(r)| ≤ H ′ and |f(q) − g(s)| ≤ H ′ , Im(f) ⊂ V ′H(Im(g)). So
H(f, f ′) ≤ H.

Proof. The constant H = 2H ′+λ+c is suitable. Consider in indeed a partition
p = t0 < t1 < · · · < tn = q of I such that |ti − ti−1| ≤ 1 for all i ∈ {1, · · · , n}.
By hypothesis, there exists for all {0, · · · , n} a point ui ∈ J such that |f(ti) −
g(ui)| ≤ H ′ , and we can assume that u0 = r and un = s. Like

|f(ti−1)− f(ti)| ≤ λ+ c,

we also have
|g(ui−1)− g(ui)| ≤ 2H ′ + λ+ c.

For all u ∈ J , there exists i ∈ {0, · · · , n} such that

|u− ui| = |g(u)− g(ui)| ≤ H ′ +
1

2
(λ+ c).

Consequently, d(g(u), Im(f)) ≤ 2H ′ + 1
2 (λ+ c).

Theorem 5.1.10. Given three real numbers δ ≥ 0, λ ≥ 1 and c ≥ 0, there
exists a constant H = H(δ, λ, c) having the following property. Let X be an δ-
hyperbolic geodesic space, I = [a, b] an bounded interval of Z or R, and f : I →
X a (λ, c)-quasi-segment. Let J ⊂ R be an interval of length |f(a)− f(b)|, and
let g : J → X be a geodesic segment starting from f(a) to f(b). So H(f, g) ≤ H.

Proof. This follows from Theorem 5.1.6 and Lemma 5.1.9.

5.2 Invariance of hyperbolicity by quasi-isometries,
and quasi-invariance of the Gromov product

The following result (of which Theorem 1.4.5 is an immediate consequence) is
essential for the important notion of the hyperbolic group make sense.
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Theorem 5.2.1. We consider two geodesic metric spaces X, Y , and a quasi-
isometry F : X → Y . If Y is hyperbolic, then X is also so.

Proof. We denote constants by δ ≥ 0, λ ≥ 1 and c ≥ 0 such that Y is δ-
hyperbolic and such that F is a (λ, c)-quasi-isometry. Let H denote the constant
H(δ, λ, c) of Theorem 5.1.10. Let I be a bounded interval of R (or of Z) and let
g : I → X be a geodesic segment. Then Fg : I → Y is a (λ, c)-quasi-segment.
consequently, (Fg)0 denotes a geodesic segment having the same endpoints as
Fg, we have H(Fg, (Fg)0) ≤ H. Consider a geodesic triangle ∆ in X and denote
gj : Ij → X as three sides (j = 1, 2, 3). We obtain as above a geodesic triangle
(F∆)0 in Y of sides (Fgj)0 : Jj → Y . For any point y in the image of (Fg3)0
we have by hypothesis on Y and δ, and by Proposition 2.3.6

d(y, Im((Fg1)0) ∪ Im((Fg2)0)) ≤ 4δ.

For any point y′ in the key image Fg3, we therefore have

d(y′, Im(Fg1) ∪ Im(Fg2)) ≤ 4δ + 2H.

It follows that for any point x in the image from g3, we have

d(x, Im(g1) ∪ Im(g2)) ≤ λ(4δ + 2H + c).

Applying Proposition 2.3.6 again, we see that X is δ′-hyperbolic with δ′ =
8λ(4δ + 2H + c).

Remark 5.2.2 (J.Heber). Theorem 5.1.10 would not be correct if we failed to
assumeX geodesic. LetX be the semi-infinite breeze line of the Euclidean plane
C defined by X

⋃
n≥0 φ

n(X0), with X0 = [0, 1+ i]∪ [1+ i, 2] and φ : z → 2z+2.
Let Y be the positive real semi-axis and let F : X → Y be the vertical projection.
We equip metrics on X and Y induced by the usual metric of C. So F is a
bijective (

√
2, 0)-quasi-isometry and Y is 0-hyperbolic, but X is not hyperbolic.
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Corollary 5.2.3. Let Γ be a finitely generated group, and S, T be two finite
systems of generators of Γ such that S−1 = S and T−1 = T , and G(Γ, S),
G(Γ, T ) the associated Cayley graphs as in Section 5.2.

Then G(Γ, S) is hyperbolic if and only if G(Γ, T ) is hyperbolic.

Proof. this follows from Theorem 5.1.10 because we have seen in the examples
1.2.6 that the spaces G(Γ, S) and G(Γ, T ) are quasi-isometric

Thus, the notion of the hyperbolic group does have a meaning, as we announced
it at Definition 1.4.6

In view of Chapter 7 on boundary, it is also useful to check the effect of quasi-
isometry on Gromov products. The following proposal is a contribution (among
many others) by M. Burger in our text.

Proposition 5.2.4. Given three real numbers δ ≥ 0, λ ≥ 1 and c ≥ 0, there
exists a constant A = A(δ, λ, c) having the following property. Let X, Y be two
δ-hyperbolic geodesic spaces and F : X → Y be a (λ, c)-quasi-isometry. Let
w, x, y, z be points of X. So

(i) 1
λ (x|y)w −A ≤ (F (x)|F (y))F (w) ≤ λ(x|y)w +A,

(ii)

1

λ
|(x|y)w − (y|z)w| −A ≤

∣∣(F (x)|F (y))F (w) − (F (y)|F (z))F (w)

∣∣
≤ λ |(x|y)w − (y|z)w|+A

Proof. Let H denote the constant H(δ, λ, c) of Theorem 5.1.10.

(i) We choose geodesic segments [x, y] in X and [F (x), F (y)] in Y . We have

(x|y)w ≤ d(w, [x, y]) ≤ (x|y)w + δ

(F (x)|F (y))F (w) ≤ d(F (w), [F (x), F (y)]) ≤ (F (x)|F (y))F (w) + δ

using Lemma 2.3.2 and

H(F ([x, y]), [F (x), F (y)]) ≤ H

using Theorem 5.1.10. On the other hand

1

λ
d(w, [x, y])− c ≤ d(F (w), F ([x, y])) ≤ λd(w, [x, y]) + c

by hypothesis on F . Therefore we have

(F (x)|F (y)F (w) ≤ d(F (w), [F (x), F (y)])

≤ d(F (w), F ([x, y])) +H

≤ λd(w, [x, y]) + c+H

≤ λ(x|y)w + λδ + c+H
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Similarly,

(F (x)|F (y))F (w) ≥
1

λ
(x|y)w − c−H − δ.

Any constant A ≥ λδ + c+H, therefore, fits for (i).

(ii) We choose geodesic segments [w, x], [w, y], [w, z], [x, y] and [y, z] in X. We
denote the geodesic triangle ∆1 as [w, x] ∪ [w, y] ∪ [x, y] and u1 ∈ [w, x],
u2 ∈ [w, y], u3 ∈ [x, y] as the points of its inscribed triple (the inverse
image of the center of the corresponding tripod, see Definition 2.3.3).

We denote the geodesic triangle ∆2 as [w, y]∪ [w, z]∪ [y, z] and v1 ∈ [w, y],
v2 ∈ [w, z], v3 ∈ [y, z], the points of its inscribed triple. Subsequently

|w − u1| = |w − u2| = (x|y)w

|w − v1| = |w − v2| = (y|z)w.

In a similar manner, we introduce a geodesic triangle on Y .

∆′1 = [F (w), F (x)] ∪ [F (w), F (y)] ∪ [F (x), F (y)]

with inscribed triple u′1, u
′
2, u
′
3 and a geodesic triangle

∆′2 = [F (w), F (y)] ∪ [F (w), F (z)] ∪ [F (y), F (z)]

with triple inscribed v′1, v
′
2, v
′
3, and we also have

|F (w)− u′1| = |F (w)− u′2| = (F (x)|F (y))F (w)

|F (w)− v′1| = |F (w)− v′2| = (F (y)|F (z))F (w).
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Given Theorem 5.1.10, we can still choose points

u′′1 ∈ [F (w), F (x)], u′′3 ∈ [F (x), F (y)],

u′′2 , v
′′
1 ∈ [F (w), F (y)],

v′′3 ∈ [F (y), F (z)], v′′2 ∈ [F (w), F (z)]

such that

|F (ui)− u′′i | ≤ H i = 1, 2, 3 ,

|F (vi)− v′′i | ≤ H i = 1, 2, 3 .

The sizes of triangles ∆1 and ∆2 are increased by 4δ (see Definition 2.3.3
and Proposition 2.3.6), so the diameters of the sets {F (u1), F (u2), F (u3)}
and {F (v1), F (v2), F (v3)} by 4δλ + c. Consequently the diameters of
{u′′1 , u′′2 , u′′3} and {v′′1 , v′′2 , v′′3} are increased by 4δλ + c + 2H. An argu-
ment already used for the proof of the Lemma 2.3.5 then shows that

|u′′2 − u′2| ≤
3

2
(4δλ+ c+ 2H)

|v′′1 − v′1| ≤
3

2
(4δλ+ c+ 2H).

If we put B = 3
2 (4δλ+ c+ 2H) +H and A = 2B + c, we have seen what

precedes
|F (u2)− u′2| ≤ B and |F (v1)− v′1| ≤ B

so ∣∣(F (x)|F (y))F (w) − (F (y)|F (z))F (w)

∣∣ = ∣∣|F (w)− u′2| − |F (w)− v′1|
∣∣

= |u′2 − v′1| ≤ |F (u2)− F (v1)|+ 2B ≤ λ|u2 − v1|+ 2B + c

= λ|(x|y)w − (y|z)w|+A,

and the same for the reduction.

5.3 A Quasi-Geodesic Criterion

We consider a constant δ > 0 and a hyperbolic geodesic space X which satisfies
Rips condition of constant δ (i.e. d(u, [x, y]∪ [z, x]) ≤ δ for any geodesic triangle
[x, y] ∪ [y, z] ∪ [z, x] and for all u ∈ [y, z] (see Definition 1.4.3). The criterion of
this section is an approximation of the result, 7.2.C of [Gro87a].

Theorem 5.3.1. We consider a constant k > 0 and a sequence (xi)0≤i≤n of
points of X such that

|xi−1 − xi+1| ≥ max{|xi−1 − xi|, |xi − xi+1|}+ 18δ + k
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for all i ∈ {1, · · · , n − 1}. So |x0 − xn| ≥ kn. Also let L be a constant such
that |xi−1 − xi| ≤ L for all i ∈ {1, · · · , n}. If we set A = max{k−1, L}, then
(xi)0≤i≤n is a (λ, 0)-quasi-segment.

The second affirmation follows trivially from the first. For the proof of the first
(and in particular at numbers 17 to 19), we adapt arguments of J. Cannon
(see [Can84] and [Can89]).

Definition 5.3.2. Let [w, x] and [w, y] be two geodesic segments with the same
origin in X and c be a strictly positive constant. We call c-deviation of [w, x]
and [w, y], and we denote it as devc([x,w], [w, y]), and defined as

sup{max{|u− w|, |v − w|} : u ∈ [w, x], v ∈ [w, y] and |u− v| ≤ c}.

Remark 5.3.3. Let us take the notations of Definition 5.3.2 again, but let’s write
devc for devc([x,w], [w, y]).

(i) Obviously we have c ≤ devc ≤ max{|x−w|, |y−w|}, and we easily checks
that devc ≤ (x|y)w + c.

(ii) Further suppose c ≥ 2δ. We also have

|x− w|+ |y − w| − 2(devc + δ) ≤ |x− y| ≤ |x− w|+ |y − w|.

Indeed, let us choose a segment [x, y], and let p be the point of [x, y] such
that the distant from x is d(p, [w, x]) ≤ δ; so d(p, [w, y]) ≤ δ. Let u ∈ [w, x]
and v ∈ [w, y] are points such that |p− u| ≤ δ and |p− v| ≤ δ. Therefore
|u− v| ≤ c, So |u− w| ≤ devc and |v − w| ≤ devc. Subsequently

|x−w|+ |y−w| ≤ |x−u|+ |y− v|+2devc ≤ |x− p|+ |y− p|+2(devc+ δ)

and the assertion follows because |x− y| = |x− p|+ |p− y|.
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Lemma 5.3.4. We consider a constant K > 0 and a sequence (xi)0≤i≤n of
points of X. For all i ∈ {1, · · · , n}, we choose a geodesic segment [xi−1, xi]
joining xi−1 and xi; we set dev0 = 0 and

devi = dev3δ([xi−1, xi], [xi, xi+1])

for all i ∈ {1, · · · , n− 1}. If we have

|xi−1 − xi| > devi−1 + devi + 5δ for i ∈ {1, · · · , n− 1}

|xi−1 − xi| ≥ 2devi−1 + 12δ + k for i ∈ {1, · · · , n− 1}

so
|x0 − xn| ≥ kn.

Proof. For all i ∈ {2, · · · , n}, we choose an geodesic segment [x0, xi]. Let us first
show that

dev3δ([x0, xi], [xi, xi+1]) ≤ devi + 5δ

for all i ∈ {1, · · · , n− 1}. The assertion being trivial for i = 1, we can proceed
by recurrence on i. Suppose therefore i ≥ 2, and the assertion is true until i−1.
Let u ∈ [x0, xi] and v ∈ [xi, xi+1] be points such that u−v ≤ 3δ. We must show
that |u− xi| and |v − xi| are bounded by devi + 5δ.

We choose a point r ∈ [x0, xi] for which there exists s ∈ [x0, xi−1] and t ∈
[xi−1, xi] such that |r − s| ≤ δ and |r − t| ≤ δ. We choose the same a ∈ [u, xi],
b ∈ [xi, v] and c ∈ [u, v] such that |a− b| ≤ δ and |a− c| ≤ δ. Suppose we have
r ∈ [a, xi] Considering a triangle of vertices xi, a, b, we see that d(r, [xi, b]) ≤ 2δ;
hence d(t, [xi, b]) ≤ 3δ, so |t−xi| ≤ devi. But |t−s| ≤ 2δ, so |t−xi−1| ≤ devi+5δ
by induction hypothesis. We therefore have |xi−1 − xi| ≤ devi−1 + devi + 5δ,
contrary to the assumptions of the lemma.

We therefore have r ∈ [x0, a]. Considering a triangle with vertices xi, r, t, we
see that d(a, [t, xi]) ≤ 2δ; hence d(b, [t, xi]) ≤ 3δ, so |b− xi| ≤ devi· As |v− b| ≤
|v − c|+ |c− a|+ |a− b| ≤ 5δ, we have |v − xi| ≤ devi + 5δ. At last

|u− xi| ≤ |u− c|+ |c− a|+ |a− b|+ |b− xi| ≤ devi + 5δ

Quasi-isometries and quasi-geodesics 83



Hyperbolic Groups

and the induction on i is complete. The assertion of the lemma is trivial for
n = 1, and we proceed by recurrence on n. Suppose n ≥ 2, and |x0 − xn−1| ≥
k(n− 1). The remark 5.3.3.(ii) shows that

|x0 − xn| ≥ |x0 − xn−1|+ |xn−1 − xn| − 2dev3δ([x0, xn−1], [xn−1, xn])− 2δ.

However, the beginning of the present proof shows that

|xn−1 − xn| − 2dev3δ([x0, xn−1], [xn−1, xn])− 2δ

≥ |xn−1 − xn| − 2devn−1 − 12δ ≥ k.

So we have |x0 − xn| ≥ kn.

Proof of Theorem 5.3.1. It suffices to verify only the hypotheses of Lemma 5.3.4
are satisfied. We choose i ∈ {1, ..., n − 1} and two points u ∈ [xi−1, xi], v ∈
[xi, xi+1] such that |u − v| ≤ 3δ. In this situation we associate a metric tripod
T and a mapping f : [xi−1, xi] ∪ [xi, xi+1] → T as in Chapter 2. As f does not
increase distances, |f(u)− f(v)| ≤ 3δ. So we have

|u− xi| = |f(u)− f(xi)| ≤ 3δ + (xi−1|xi+1)xi

and the same for |v − xi|, again

devi ≤ 3δ + (xi−1|xi+1)xi .

it follows first that, for i ∈ {1, · · · , n− 1}, we have

devi−1 + devi + 5δ

≤ 11δ +
1

2

{
|xi−2 − xi−1|+ |xi−1 − xi| − |xi−2 − xi|

+ |xi−1 − xi|+ |xi − xi+1| − |xi−1 − xi+1|
}

≤ 11δ + |xi−1 − xi| −
1

2

{
|xi−2 − xi| − |xi−2 − xi−1|

}
− 1

2

{
|xi−1 − xi+1| − |xi − xi+1|

}
≤ 11δ + |xi−1 − xi| − 18δ − k < |xi−1 − xi|.
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It also follows that, for i ∈ {1, · · · , n}, we have

2devi−1 + 12δ + k ≤ 18δ + k + |xi−1 − xi|+ |xi − xi+1| − |xi−1 − xi+1|

≤ |xi−1 − xi|.

Therefore we can apply the Lemma 5.3.4.

5.4 Local-Quasi-Segments

Using Theorem 5.3.1, next, we will show the following elaboration of Theorem
5.1.10.

Theorem 5.4.1. Given three real numbers δ ≥ 0, λ ≥ 1 and c ≥ 0, there
are constants H = H(δ, λ, c) and L = L(δ, λ, c) having the following property.
Let X be a δ-hyperbolic geodesic space, I = [a, b] an interval of Z or R, and
f : I → X is a (λ, c, L) local-quasi-segment. Let J ⊂ R be an interval of length
|f(a) − f(b)|, and let g : J → X be a geodesic segment from f(a) to f(b). So,
H(f, g) ≤ H.

Throughout the rest of this section, X denotes a δ-hyperbolic geodesic space.
At first here is the particular case of Theorem 5.4.1 corresponding to I ⊂ Z and
c = 0

Lemma 5.4.2. Given a real number Λ ≥ 1, there exists constants H2 =
H2(δ,Λ) and L2 = L2(δ,Λ) having the following property. We consider an
integer n ≥ 1, a (Λ, 0, L2)-local-quasi-segment (yi)0≤i≤n and a geodesic segment
[y0, yn] joining y0 and yn, Then

H({yi}0≤i≤n, [y0, yn]) ≤ H2.

Proof. Let H1 denote the constant H(δ,Λ, 0) of Theorem 5.1.10. Choose an
integer N such that

N ≥ 2Λ(18δ + 1) and N ≥ 4Λ(H1 + 2Λ2H1 + 4Λ2δ)

and let L2 = 2N . The constant H2 will be specified such that H2 ≥ 2ΛN . Let
p be the integer part of n

N . We define a sequence (zj)0≤j≤p by zj = yNi
. If

n < 2N , then |yi − y0| ≤ Λ2N for all i ∈ {0, 1, · · · , n} and conclude the lemma.
So, we can suppose p ≥ 2. Let us show that

|zj−1 − zj+1| ≥ max{|zj−1 − zj |, |zj − zj+1|}+ 18δ + 1 (⋆)

for all j ∈ {1, 2, · · · , p− 1}. Without loss of generality assume j = 1.
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We choose geodesic segments [z0, z1], [z1, z2] and [z0, z2]. We define a metric
tripod T associated with the geodesic triangle ∆ and a mapping f : ∆ → T as
in Chapter 2. Note u ∈ [z0, z1], v ∈ [z1, z2] and w ∈ [z0, z2] the inverse images by
f of the center of T . Recall that |u− v| ≤ 4δ (proposition 2.3.6). The Theorem
5.1.10 shows that there exist integers i, j such that 0 ≤ i ≤ N ≤ j ≤ 2N and
such that

|yi − u| ≤ H1 and |yi − v| ≤ H1.

As |i − j| ≤ 2N = L2, we have 1
Λ |i − j| ≤ |yi − yj | ≤ 2H1 + 4δ, also |i −N | ≤

Λ(2H1 + 4δ). So

|u− z1| ≤ |u− yi|+ |yi − z1| ≤ H1 + Λ2(2H1 + 4δ).

On the other hand |z0 − z1| ≥ 1
ΛN . One of the hypotheses on N implies that

we read |u − z1| ≤ 1
4 |z0 − z1|. Similarly |u − z1| = |v − z1| ≤ 1

4 |z1 − z2|. Then
we can calculate

|z0 − z2| = |z0 − w|+ |w − z2|
= |z0 − z1|+ |z1 − z2| − |u− z1| − |v − z1|

≥ |z0 − z1|+ |z1 − z2| −
1

2
min{|z0 − z1|, |z1 − z2|}

= max{|z0 − z1|, |z1 − z2|}+
1

2
min{|z0 − z1|, |z1 − z2|}

≥ max{|z0 − z1|, |z1 − z2|}+
N

2Λ

The other hypothesis on N shows that the inequality (⋆) does take place. Since
(yi)0≤i≤n is an (Λ, 0, L2)-local-quasi-segment, we have |zj−1 − zj | ≤ ΛN for all
j ∈ {1, 2, · · · , p}. The inequality (⋆) and Theorem 5.3.1 therefore shows that
(zj)0≤j≤p is a (ΛN, 0)-quasi-segment. Let H ′1 denote the constant H(δ,ΛN, 0)
of Theorem 5.1.10 and choose a segment [y0, yNp ] joining y0 = z0 to ynp = zp.
Then d(zj , [y0, yNp ]) ≤ H ′1 for all j ∈ {0, · · · , p}. Any point of [y0, yNp ] is in a
distance of at most 4δ from [y0, yn]∪ [yn, yNp

] (see Proposition 2.3.6), so it has a
distance from [y0, yn] is at most 4δ+ΛN , so that d(zj , [y0, yn]) ≤ H ′1+4δ+ΛN .
As N and H ′1 do not depend on that of δ and Λ, Lemma 5.1.9 shows that there
exists a constant H ′2, not depending on δ and Λ, such that

H({zj}0≤j≤p, [y0, yn]) ≤ H
′

2.

Or
H({zj}0≤j≤p, {yi}0≤i≤n) ≤ ΛN.
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Certainly, H2 ≥ 2ΛN , it is therefore sufficient to set H2 = H
′

2 + 2ΛN.

Lemma 5.4.3. Given constants λ ≥ 1, c ≥ 0 and L2 ≥ 1, there are constants
H = H(λ, c), Λ = Λ(λ, c) and L = L(λ, c, L2) having the following property.
Let X be a metric space and (xi)0≤i≤a a local-quasi-segment in X. Then there
exists a (λ, 0, L2)-local-quasi-segment (yj)0≤j≤b such that

y0 = x0, |yb − xa| ≤ H and H({xi}0≤i≤a, {yj}0≤j≤b) ≤ H.

Proof. Suppose H = λ2c + 2λ + c, Λ = max{λ,H} and L = L2(λc + 2). Let
N be the integer such that λc + 1 ≤ N ≤ λc + 2 and let b be the integer
part of a

N ; we set yi = xNi
for all j ∈ {0, 1, · · · , b}. For all i ∈ {0, 1, · · · , a},

there exists j ∈ {0, 1, · · · , b} such that |i − Nj | ≤ N . As N ≤ L, we have
|xi − yj | = |xi − xNj

| ≤ λN + c. So we have H({xi}0≤i≤a, {yj}0≤j≤b) ≤ H,
and likewise |yb − xa| ≤ H. Let i, j ∈ {0, · · · , b} such that 0 < |i− j| ≤ L2. As
NL2 ≤ L, we have |Ni−Nj| ≤ L and

(N
λ

− c
)
|i− j| ≤ 1

λ
|Ni−Nj| − c ≤ |yi − yj | ≤ λ|Ni−Nj|+ c

≤ (λN + c)|i− j|.

Or N
λ − c ≥ λc+1

λ − c ≥ 1
Λ and λN + c ≤ λ2c+ 2λ+ c ≤ Λ, so that (yj)0≤j≤b is

indeed a (Λ, 0, L2)-local-quasi-segment.

Proof of Theorem 5.4.1. Consider the statement of the Theorem 5.4.1 in which
I is an interval of Z, and let δ, λ, c be as described in this theorem. Let Λ =
Λ(δ, c) be the constant of Lemma 5.4.3, then H2 = H2(δ,Λ) and L2 = L2(δ,Λ)
the constants of Lemma 5.4.2, and finally H ′ = H(λ, c) and L = L(λ, c, L2)
the constants of Lemma 5.4.3. If (xi)0≤i≤a is an (λ, c, L)-quasi-local-segment,
we get as Lemma 5.4.3 a (Λ, 0, L2)-local-quasi-segment (yj)0≤j≤b such that
y0 = x0, |yb − xa| ≤ H ′ and

H({xi}0≤i≤a, {yj}0≤j≤b) ≤ H ′.

The Lemma 5.4.2 shows that

H({yj}0≤j≤b, [y0, yb]) ≤ H2.

On the other hand, we have H([x0, xa], [y0, yb]) ≤ H ′ + 4δ. Subsequently

H({xi}0≤i≤a, [x0, xa]) ≤ 2H ′ +H2 + 4δ

and it suffices to put H = 2H ′ +H2 +4δ. We leave the details of the statement
to the reader with I ⊂ R.
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5.5 Local-Quasi-Rays and Local-Quasi-Geodesics
in Proper Spaces

Recall that a metric space is said to be proper if its closed balls are compact
(Definition 3.3.1). For these spaces, we can extend Ascoli’s theorem to Theorems
5.1.10 and 5.4.1 to rays and to minimizing geodesics. More precisely:

Theorem 5.5.1. Given three real numbers δ ≥ 0, λ ≥ 1 and c ≥ 0, there are
constants H = H(δ, λ, c) and L = L(δ, λ, c) having the following property: let X
be a δ-hyperbolic, proper, and geodesic metric space.

(i) Let f be a map from R+ or N into X which is (λ, c, L)-local-quasi-ray.
There is a ray minimizing map g : R+ → X such that g(0) = f(0) and
H(f, g) ≤ H.

(ii) Let f be a map from R or Z into X which is a (λ, c, L)-local-quasi-geodesic.
There is a geodesic minimizing map g : R → X such that H(f, g) ≤ H.

Proof. Let H ′ and L be the constants provided by the Theorem 5.4.1 (where
they are denoted H and L). We are going to show that we can set H = 2H ′+1.

Let f be as in one of the assertions (1) and (2). For all k ≥ 1, we consider the
set Ek of all geodesic segments with origin at f(0) and extremities in the ball
Bk = {x ∈ X : |x − f(0)| ≤ k}; we endow Ek with the topology of uniform
convergence (to make sense of this, we consider any geodesic segment of Ek of
length l ≤ k as a map defined on [0, k] which is constant on [l, k]). As the ball
Bk is compact (X is proper), Ascoli’s theorem shows that Ek is compact.

For any geodesic segment h : J → X, where J = [0, b] ⊂ R+ and h(0) = f(0),
we set Jk = J ∩ [0, k] and we denote by h(k) the restriction from h to J (k). We
therefore have h(k) ∈ Ek.

(i) Consider a (λ, c, L)-local-quasi-ray f . For any integer n ≥ 1, let an =
|f(n)−f(0)| and Jn = [0, an] ⊂ R+. We notice fn the restriction on [0, n].
We choose a geodesic segment hn : Jn → X with extremities f(0) and
f(n) such that H(fn, hn) ≤ H ′.

Let k ≥ 1. Since Ek is compact, there exists a subsequence (hk,m)m≥1

of (hn)n≥1 such that the sequence (h
(k)
k,m)m≥1 is uniformly convergent.

Cantor’s diagonal process provides a subsequence (gm)m≥1 of (hn)n≥1

having the following properties: first, for all k ≥ 1, the sequence (g
(k)
m )m≥1

converges uniformly to a segment g(k) : [0, k] → Bk; then g
(l) extends to

g(k) if l ≥ k. These geodesic segments g(k) define a ray g : R+ → X with
origin f(0).
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It remains to estimate H(f, h).

Let x ∈ Im(f). Let n be an integer large enough for x ∈ Im(fn). We can
choose yn ∈ Im(hn) such that |x− yn| ≤ H ′. Consequently (yn)n>>1 has
a subsequence which converges to a point y ∈ Im(g), and we still have
|x− y| ≤ H ′. So the image of f is in the from the H ′-neighborhood of g.

Let on the other hand y ∈ Im(g). For all large m we choose a point
ym ∈ Im(gm) such that the sequence (ym)m>>1 converges to y, and we
again choose a point xm ∈ Im(f) such that |ym− xm| ≤ H ′. If m is large
enough, then we have |y − xm| ≤ H ′ + 1, so that the image of g is in
(H ′ + 1)-neighborhood of that of f .

(ii) Consider a (λ, c, L)-local-quasi-geodesic f . For any integer n ≥ 1, we
choose a geodesic segment [x−n, xn] of extremities x−n = f(−n) and xn =
f(n). It follows from Theorem 5.4.1 there exists yn ∈ [x−n, xn] such that
|yn − f(0)| ≤ H ′. Let y ∈ X be the limit of a convergent subsequence
(ynj

)j≥1 of (yn)n≥1 ; we still have |y − f(0)| ≤ H ′.

Even if it means passing to a further sub-sequence, we show as above in
(i) that the segments [x−n, xn] converge towards a geodesic g : R → X
passing through y, and that H(f, g) ≤ 2H ′ + 1.
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Chapter 6

The boundary of a tree

Etienne Ghys and Pierre de la Harpe

Translation and read by Subhadip Banerjee as part of a reading project
supported by Cheentan Research Foundation

We treat this chapter as a ‘warm-up by means of examples’ to study the bound-
ary of a hyperbolic space. Upon defining certain different metrics on the bound-
ary of a tree, we check how the isometries and quasi-isometries of a tree act on
its boundary. The last section is devoted to appropriate definitions of a certain
“conforming vocabulary”.

6.1 Metrics on the boundary

Let X be a locally finite metric tree for which all edges are of length 1 (see the
Chapter 2 - Section 2.1). We also assume that any vertex of X has at least
three neighbors (in particular X is infinite).

Recall (Definition 5.1.2) that rays of X are the minimising half geodesics of X.
We define two rays to be equivalent if they have the same end, that is to say
that they share a common ray. Note that these rays are geometric, i.e., parts
of X, as per Definition 1.4.1 and Remark 5.1.3.iv)

Definition 6.1.1. We define the boundary ∂X of X to be the collection of the
equivalence classes of the rays in X.

Let us choose a point w in X as a base point. Every element a in ∂X then
can be represented as a unique ray [w, a[, emerging from w up to a. Gromov’s
product is defined on ∂X as follows:

(a|b) = lim(x|y),
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where x (or, respectively y) is a point on the ray going to a (or, respectively b)
and the limit suggests that the distances |x− w| and |y − w| are large enough.
Let ε > 0 be a real number, we define ‘large

enough’
means choose
x and y from
the portions
of the ray
after they
meet once
at a meet-
ing point
m. Then
the limit is
the distance
from w to
m. If the
rays never
meet then
the Gromov
product is
0. The Gro-
mov product,
intuitively
speaking,
gives the
amount of
time, two
rays have
travelled
together.
Hence a
large Gro-
mov product
implies that
two rays have
travelled far
together

dε(a, b) = exp(−ε(a|b))

Then immediately we get:

(a) (a|b) = +∞ and dε(a, b) = 0 if and only if a = b,

(b) (a|b) = (b|a) and dε(a, b) = dε(b, a),

(c) (a|c) = min{(a|b), (b|c)} and dε(a, c) = max{dε(a, b), dε(b, c)}.

for all a, b, c ∈ ∂X. Thus, dε is an ultrametric distance on ∂X. We write d
for d1, and observe that dε(a, b) = [d(a, b)]ε. In particular, the metrics dε are
topologically equivalent and therefore they induce the same topology on ∂X.
We verify below that this topology does not depend on the choice of w. One
could verify that ∂X is identified, by its topology, with the space of the ends
of X. We will not insist on this aspect, which is closely linked to the fact that
X is a tree. The boundary of a hyperbolic space (defined and studied in the
next chapter) is in general different from the space of the ends (however see the
Proposition 7.5.3).

Proposition 6.1.2. 1. The pair (X, ∂X) is equipped with the visibility prop-
erty.

2. The space ∂X is compact and perfect (and therefore is not denumerable).

3. Suppose there is an integer v ≥ 2 such that each vertex of X has at most v+
1 neighbors. Each metric dε makes ∂X, a metric space of finite Hausdorff
dimension.

Proof. 1. The assertion means that, for all a, b ∈ ∂X such that a ̸= b, there
exists a minimising geodesic in X with endpoints a and b. (Here this
geodesic is unique, but that is not part of the definition of visibility.)

2. The space ∂X is homeomorphic to the projective limit limFn where Fn
is the set of points at distance n from the base point, endowed with the
discrete topology, and where Fn+1 − Fn maps x ∈ Fn+1 to [w, x] ∩ Fn.
(Exercise: adapt assertion 2 to the case where X has vertices with two
neighbors.)

3. For the definition of Hausdorff dimensions, see for example [Fal86]. The
proof of 3 is an easy exercise. It is also easy to construct an example tree
X which does not satisfy the condition on v and for which the Hausdorff
dimension of (∂X, dε) is infinite for all ε.
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Let’s choose another vertex w′ of X as the base point. Let (a | b)′ be the
Gromov product and d′ε(a, b) be the metric on ∂X defined as above, but this
time relative to w′. Given the arbitrary choice of the base point, it is necessary
to know how to compare the metrics dε and d′ε.

A rough comparison shows that, if n = |w − w′|, we have successively:

(x | y)− n ≤ (x | y)′ ≤ (x | y) + n, for all x, y ∈ X

(a | b)− n ≤ (a | b)′ ≤ (a | b) + n,

exp(−εn)dε(a, b) ≤ d′ε(a, b) ≤ exp(εn)dε(a, b), for all a, b ∈ ∂X.

Consequently, the Lipschitz class (defined in the Section 6.4) of dε does not
depend on the choice of the base point.

For a finer comparison, let’s introduce the vertices w0 = w,w1, . . . , wn = w′ of
X between w and w′. For k ∈ {0, 1, . . . , n}, let

Uk = {a ∈ ∂X, [w, a [ ∩ [w,w′] = [w,wk]} .

Thus, the Uk realize an open partition of ∂X. Let a, b ∈ Uk. We have

(a | b)′ = (a | b)− k + (n− k)

d′ε(a, b) = exp(ε(2k − n))dε(a, b)

In particular, in Uk, the balls (not their rays) are the same relative to dε and
d′ε. In summary and with the vocabulary of the Chapter 4,

Proposition 6.1.3. With the notation as above, the metrics dε and d′ε on ∂X
are in the same Lipschitz class and are conformally equivalent. Also the metrics
dε and d′ε, associated with the two base points w and w′, for two given real
numbers ε, ε′ > 0, are in the same Hölder class and are conformally equivalent.

Proof. For the second statement, we note that

dε′ = (d′ε)
ε′/ε
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6.2 The Action of Isometries and Quasi-Isometries
on boundaries

Suppose X is a tree, w is a point in X, ε > 0 is a real number and the cor-
responding metric d = dε as in the Section 6.1. Let G be the group of isome-
tries of X. Every isometry γ ∈ G acts naturally on the boundary ∂X. If
we take w′ = γ−1(w) and the metric d′ to be relative to w′ and ε, we get
d(γa, γb) = d′(a, b) for every a, b ∈ ∂X. Thus from the Proposition 6.1.3 we get:

Corollary 6.2.1. Every isometry of the tree X induces a Lipschitz and con-
formal homeomorphism on the boundary ∂X.

Recalling the notion of quasi-isometry, we have φ : X −→ Y that is a quasi-
isometry between two given metric spaces, quasi-geodesic f : R → X and quasi-
rays f : R+ → X, which were defined at the beginning of the Chapter 5. We
always consider X to be the metric tree, introduced at the very beginning of
the chapter.

Lemma 6.2.2. 1. Let f : R −→ X be a quasi-geodesic. Then there exists
a unique geodesic f0 : R −→ X such that the Hausdorff distance between
the images of f and f0 is finite.

2. Let f : R+ −→ X be a quasi-ray. Then there exists a unique ray f0 :
R+ −→ X such that f0(0) = f(0) and the Hausdorff distance between the
images of f and f0 is finite.

3. Let γ : X −→ X be a quasi-isometry and f, f ′ be two rays in X defined
by the same point on the boundary ∂X. Therefore the geodesic rays (γf)0
and (γf ′)0 are related as in 2 with the quasi-rays γf and γf ′, defined by
the same point on ∂X.

Proof. These statements are easy to demonstrate using the results discussed in
the Chapter 5.

From the previous lemma, it follows that a quasi-isometry γ in X induces a
transformation of ∂X, which we shall also denote (by abuse of notation) as γ.

Proposition 6.2.3. Each and every quasi-isometry of a tree induces a Hölderian
and quasi-conformal homeomorphism on its boundary.

Proof. Let us fix a base point w in the tree X, a real number ε > 0, and a metric
d = dε on the boundary ∂X. Let γ be a quasi-isometry on X. We desire to
show that γ : ∂X −→ ∂X is quasi-conformal.

Also choose a point a ∈ ∂X, represented by the ray [w, a[ and a point x of this
ray in X, and set p = |x−w|. In ∂X, the sphere Sa,p with center a and radius
e−ϵp is formed by points b such that (a | b) = p, i.e., [w, b[ ∩ [w, a[= [w, x].
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Let w′ = γw; let (|)′ be the Gromov product and d′ = d′ϵ is the distance on ∂X
corresponding to w′. The point γa is represented by the ray [w′, γa [ . Let x′

be the projection of γx on this ray and set p′ = |x′ − w′| . For any b ∈ Sa,p,
the two rays [w, a[, [w, b[ and the geodesic ]a, b[ go through x. Therefore, their
transformation by γ are two quasi-rays and a quasi-geodesic passing through γx.
If x′b designates the unique point of the intersection [w′, γa [ ∩ [w′, γb[ ∩ ]γa, γb[ ,
so there is a constant k such that |x′b − γx| ≤ k and |x′ − γx| ≤ k, and k depends
only on γ (and not on w, a or b ). As (γa | γb)′ = |w′ − x′b|, we get

p′ − 2k ≤ (γa | γb)′ ≤ p′ + 2k

exp (−ε (p′ + 2k)) ≤ d′(γa, γb) ≤ exp (−ε (p′ − 2k))

and consequently,

sup {d′(γa, γb) : d(a, b) = exp(−εp)}
inf {d′(γa, γb) : d(a, b) = exp(−εp)}

≤ exp(ε4k)

Finally, it follows from the Proposition 6.1.3 that we also have:

lim sup
p→∞

sup{d(γa, γb) : d(a, b) = exp(−εp)}
inf{d(γa, γb) : d(a, b) = exp(−εp)}

<∞.

Since the constants in play do not depend on a, it follows that γ : ∂X → ∂X is
quasi-conformal.

For example, if X is a Cayley graph of a finitely generated free group L, then
every automorphism γ of L defines a quasi-isometry on X, and hence a quasi-
conformal transformation on ∂X. Note that, the quasi-conformal constant is
not uniform when γ varies in Aut(L), the automorphism group of L.

Exercise 6.2.4. Let L be a finitely generated free group with two generators
s, t. We also let γ to be the automorphism that maps s to s and t to st. Show
that the homeomorphism induced by γ on the boundary ∂X of the corresponding
graph is not conformal.

Idea: Let a ∈ ∂X be the point defined by the sequence s∞, also let b ∈ ∂X
be a sequence defined by snt, and let b′ ∈ ∂X be a sequence defined by snt−1,
then

d(γa, γb)

d(γa, γb′)
= exp(−ε)

Exercise 6.2.5. We take a partition A ⊔ B over the edges of the tree X, and
consider α, β ∈ R with α, β > 0. Let X ′ denote the tree metric corresponding
to the same graph X, but for which the edges of A has a length α and the
edges of B has a length β. Let f : X −→ X ′ be the map that induces the
identity on the underlying sets. This is a (µ, 0)-quasi-isometry such that µ =
max(α, β, α−1, β−1) (See the Definition 5.1.1). Check that f induces an action
∂X −→ ∂X ′. Also show that the metrics dε and d

′
ε on the boundary (of X and

X ′) are in the same Hölder class and quasi-conformal class.
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6.3 Classification of Isometries of a Tree

In this section we classify the isometries of a tree into two categories− elliptic
and hyperbolic. As a prelude to our study, we describe the horospheres of a
tree.

Let X be a metric tree and a be a point on the boundary ∂X. For any
x, y ∈ X, the distances |x − a| and |y − a| are not defined, although their
difference |y − a| − |x− a| is defined. To be more precise, we take

βa(x, y) = |x− w| − |y − w| ∈ R

where w is the point of intersection of the rays [x, a[ and [y, a[, along with which
we comment that the number βa(x, y) does not depend on the choice of w.

Definition 6.3.1. The horosphere with centre a ∈ ∂X through x ∈ X is the
collection

{y ∈ X : βa(x, y) = 0}

Such a horosphere intersects a geodesic tending to a at a single point. More
precisely, let (xt)t∈R and (yt)t∈R be two geodesics such that a = limt→∞ xt =
limt→∞ yt, let H and H ′ be two horospheres with center a, and let p, q, r, s be
the numbers defined by xp, yr ∈ H and xq, ys ∈ H ′. Then q − p = s − r and
we set ∆ (H,H ′) = q − p ∈ R. Thus the set of horospheres with center a is
naturally parametrized by the oriented affine line R.
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Given a horosphere H with center a and a real number ϵ > 0, we define as
follows a metric dH,ε on ∂X − {a}. Let b, c be two points of ∂X − {a}. We
set the geodesic (xt)t∈R = ]a, b [ and the geodesic (yt)t∈R =

]
a, c [ such that

x0, y0 ∈ H and limt→∞ xt = limt→∞ yt = a. We then set,

(b | c)H = lim
t→∞

[(b | c)xt − t] ,

dH,ε(b, c) = exp (−ε(b | c)H)

We now verify that dH,ε is an ultrametric distance on ∂X − {a}.

dH(b, c) > 1

dH (b, c′) < 1

Let d be the restriction to ∂X−{a} of one of the distances defined in the Section
6.1 on ∂X (relative to a positive number and a base point of X). So,
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Proposition 6.3.2. With the notations above:

(i) The metrics d and dH,ε define the same topology on ∂X − {a}.
(ii) Furthermore, they are in conformity equivalent.

(iii) The metric dH,ε makes ∂X − {a}, a complete metric space.

(iv) Let H ′ be another horosphere with center a, and let ∆(H,H ′) be defined as
above, then dH′,ε = exp (−ε∆(H,H ′)) dH,ε(b, c) for all b, c ∈ ∂X − {a}.

Proof. Consider a point b ̸= a of ∂X, the geodesic g with endpoints a and
b and the point x = g ∩ H (which can be thought of as “near a”). Then
(b | c)x = (b | c)H for any point c ∈ ∂X close enough to b, where (b | c)x is
defined in the beginning of the Section 6.1. Statements (i) and (ii) therefore
follow from the Proposition 6.2.3. Proof of the statement (iii) is left to the
reader (nevertheless see the Proposition 8.1.7) and the statement (iv) follows
from the fact that (b | c)H′ = (b | c)H +∆(H,H ′).

Let a be a point on the boundary ∂X. Let Ga denote the isotropy of a in the
group G of isometries of X. Any isometry γ ∈ Ga permutes the horospheres
centered at a. More precisely, if g = (xt)t∈R is a geodesic such that limxt = a
and if (Ht)t∈R is the associated parametrization of the horospheres with center
a (with xt = g ∩Ht), then there exists a real number λ(γ) such that γ maps Ht

to Ht+λ(γ) for all t ∈ R. We call force of γ relative to a, the positive number
Φa(γ) = exp(λ(γ))

Proposition 6.3.3. (i) The map Ga → R∗+ defined by the force γ 7→ Φa(γ) is
a group morphism.

(ii) Any isometry γ ∈ Ga with Φa(γ) = 1 and in particular any element γ of
the group derived from Ga, has a fixed point in X

Proof. of (ii). Let b ∈ ∂X − {a} and let x be a point common to the geodesics
]a, b[ and ]a, γb [ . If Φa(γ) = 1, it is easy to verify that γ fixes x.

Proposition 6.3.4. Consider a number ε > 0, a point a ∈ ∂X, the family
(Ht)t∈R of horospheres centered at a, and we write H for H0. Let γ ∈ Ga be an
isometry of X fixing a and let Φa(γ) be its force relative to a. So,

dH,ε(γb, γc) = Φa(γ)
εdH,ε(b, c)

for all b, c ∈ ∂X − {a}. In particular,

If Φa(γ) < 1 [resp. Φa(γ) > 1], then γ is a contraction [resp. an expansion] of
the metric space (∂X − {a}, dH,ε) having an unique fixed point a′ ∈ ∂X − {a}.
If Φa(γ) = 1, then γ is an isometry of this metric space.
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Proof. As
(γb | γc)H +∆(H, γH) = (γb | γc)γH = (b | c)H

and since ∆(H, γH) = log Φa(γ), we get

dH,ε(γb, γc) = Φa(γ)
εdH,ε(b, c)

for all b, c ∈ ∂X − {a}.

The previous figure illustrates the case where Φa(γ) < 1.

Definition 6.3.5. We say that an isometry γ of the tree X is elliptical if it has
a fixed point in X, and hyperbolic otherwise.

Proposition 6.3.6. Let γ be a hyperbolic isometry of a tree X. Then γ has
exactly two distinct fixed points a and a′ in ∂X. Moreover, we can assume that
the notations such as a and a′ have the following properties:

For any neighborhood U of a and for any neighborhood U ′ of a′ in ∂X, there is
an integer k > 0 such that γn (∂X − U ′) ⊂ U and γ−1(∂X− U) ⊂ U ′ for any
integer n ≥ k; then we can say that a is the goal of γ and that a′ is its source.

Proof. Let x ∈ X. The smallest sub-tree of X containing x, γx and γ2x is a
tripod; denote y as its center; set ℓ′ = |x − y| =

∣∣γ2x− y
∣∣ and ℓ′′ = |γx − y|.

Then ℓ′ > ℓ′′ (otherwise there would be a point of [y, γx] fixed by γ ). Set
ℓ = ℓ′ − ℓ′′. The tree generated by (γnx)n∈Z is a quasi-geodesic of X that is
invariant by γ.
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In particular γ has an invariant geodesic and therefore also has two fixed points
in ∂X. The Proposition 6.3.6 then follows from the Proposition 6.3.4. See also
the n◦I.6.4 of [Ser].

6.4 Some classes of homeomorphisms of a met-
ric space

Let (X, d) be a metric space and let Φ : X → X be a homeomorphism. We now
assume that X is perfect. In that case, for all x ∈ X, there exists a decreasing
sequence (εj)j≥1 of real numbers tending to zero such that none of the spheres

{y ∈ X : d(y, x) = εj} is nonempty. To simplify the notations, we write below
the limits that involve these spheres with ε→ 0 rather than with j → ∞

Definition 6.4.1. The conformal dilation of Φ at a point x ∈ X for the metric
d is the “number”

Hd
Φ(x) = lim sup

ε→0

sup{d(Φ(x),Φ(y)) : y ∈ X and d(y, x) = ε}
inf{d(Φ(x),Φ(y)) : y ∈ X and d(y, x) = ε}

∈ [1,+∞]
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We say that the homeomorphism Φ is,

conformal, if Hd
Φ(x) = 1 for all x ∈ X,

quasi-comformal, if sup
x∈X

Hd
Φ(x) <∞,

K-quasi-conformal, if sup
x∈X

Hd
Φ(x) ≤ K, where K is a given constant.

Example 6.4.2. We say that the homeomorphism Φ is Lipschitz for d if there
exists a constant L ≥ 1 such that

1

L
d(x, y) ≤ d(Φ(x),Φ(y)) ≤ Ld(x, y)

for all x, y ∈ X. Such a homeomorphism is L2-quasi-conformal.

Any diffeomorphism of class C1 of the circle or the line is conformal.

We say that the homeomorphism Φ is Hölderian for d if there exist constants
α > 0 and c > 0 such that:

1

c
d(x, y)1/α ≤ d(Φ(x),Φ(y)) ≤ cd(x, y)α

for all x, y ∈ X. In general, such a homeomorphism is not quasi-conforming, as
evidenced by the example defined on the Euclidean line by

Φ(x) =

{
xα if x ≥ 0

x if x ≤ 0

with 0 < α < 1.

In the context of some familiar metric spaces, it is a very strong condition for a
homeomorphism to be conformal or even quasi-conformal. Consider for example
the sphere Sn of dimension n ≥ 2 endowed with the usual angular distance.
Then, a quasi-conformal homeomorphism Φ of such a sphere is differentiable
almost everywhere. If Φ conforms, then it is a Möbius transformation. (See
[Ahl66], [LV13] and [Ric88].)

On the other hand, the notions of conformity and quasi-conformity lose much
of their interest for “general” metrics, as the following proposition shows it.
Consequently, when one asserts that a transformation of the boundary ∂X of a
hyperbolic space X is (quasi)-conformal for a metric ds, it is important to recall
certain properties of (∂X, dε), including being of finite Hausdorff dimension.

Proposition 6.4.3. Let (X, d) be a metric space. There exists a metric d′ on
X, topologically equivalent to d, such that any Hölderian homeomorphism of
(X, d) is a conformal homeomorphism of (X, d′).

Exercise 6.4.4. Choose a familiar space (X, d) and check that the space (X, d′)
obtained by the following construction has infinite Hausdorff dimension.
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Before proving the Proposition 6.4.3, let us recall the following facts. Let f :
R+ → R+. We say that f is concave if

f((1− α)s+ αt) ≥ (1− α)f(s) + αf(t)

for all s, t ∈ R+ and α ∈ [0, 1]. When f is of class C2, it is well known that f is
concave if and only if f ′′ ≤ 0.

Exercise 6.4.5. Show that a concave function f such that f(0) = 0 satisfies
f(s+ t) ≤ f(s) + f(t) for all s, t ∈ R+.

Let (X, d) be a metric space and let f : R+ → R+ be an increasing, concave
function which is 0 at 0. It follows from the previous exercise that the composite
application,

df = f ◦ d : X × Y → R+

is a metric on X which is topologically equivalent to d.

Lemma 6.4.6. For 0 < t < e−1, we set g(t) = 1
log(− log t) . So,

1. limt→0 g(t) = 0.

2. There exists t0 > 0 such that g is increasing and concave in ]0, t0] and
such that g′ (t0) >0.

3. Let c, β be constants with c > 0 and β > 0. Then

lim
t→0

g
(
ctβ

)
g
(
1
c t
) = 1

Proof. Elementary analysis.

Proof. of the Proposition 6.4.3 - Let f : R+ → R+ be a continuous, increas-
ing and concave function, such that:

1. f(0) = 0,

2. f(t) = g(t), if 0 < t < t0 with g and t0 as above,

3. f is linear, if t ≥ t0.

The reader will easily verify, using point 3 of the previous Lemma 6.4.6, that
the metric d′ = df has the required property in the Proposition 6.4.3.

Definition 6.4.7. All of the above, naturally extends to the case of a home-
omorphism Φ from one metric space to another. Let, in particular, X be a
space endowed with two topologically equivalent metrics d and d′. We say that
d and d′ are in the same quasi-conformal or conformal or Lipschitz or Hölder
class, if the identity of X, seen as a homeomorphism (X, d) → (X, d′), is of the
corresponding type.
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Chapter 7

The boundary of a
hyperbolic space

Etienne Ghys and Pierre de la Harpe

Translated and read by Soumyadip Kar as part of a reading project supported
by Cheentan Research Foundation

There are several ways to define the boundary ∂X of a hyperbolic space X. In
the Section 7.1, we describe three of them which are equivalent if X is geodesic
and proper. In the Section 7.2 we define a topology on ∂X which makes it a
compact space. However, ∂X is much more than a topological space; it can
be provided with natural metrics and a conforming structure. These metrics
are defined in the Section 7.3. We devote the Section 7.4 to the isometric or
quasi-isometric action on the boundary of X and in the section 7.5 we provide
some description of examples of boundaries.

7.1 The boundary as a whole

We consider a number δ ≥ 0 and a δ-hyperbolic space X with a base point
w ∈ X. We define (x|y) be the Gromov product of x, y ∈ X relative to w. We
assume that X is geodesic (Definition 1.4.1 ) and proper (its closed balls are
compact, Definition 3.3.1). Recall (Definition 5.1.2) that a quasi-ray in X is a
quasi-isometric map f : R+ → X.

Definition 7.1.1. Two quasi-rays in X are equivalent if their images are at
finite Hausdorff distance.

In the particular case of rays, this definition has several convenient rephrases.
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Proposition 7.1.2. Let g and h be two rays of a δ-hyperbolic geodesic space
X. Then the following properties are equivalent.

1. The rays g and h are equivalent. i.e. H(g, h) <∞.

2. We have supt≥0|h(t)− g(t)| <∞.

3. There exists t1 ≥ 0 such that, for all t ≥ t1, there exists st ≥ 0 such that
|h(t)− g(st)| ≥ 8δ.

4. There exists u ∈ R and t0 ≥ max(0, u) such that |h(t) − g(t − u)| ≤ 16δ
for all t ≥ t0.

Proof. (See [Pau89]). Let us first show that (1) ⇒ (2). Let H = H(g, h) and
for s0 ≥ 0 such that |h(0)− g(s0)| ≤ H. For all t ≥ 0, there exists a st ≥ 0 such
that |h(t)− g(st)| ≤ H. We have

|st − s0| = |g(st)− g(s0)| ≤ h(t)− h(0) + 2H = t+ 2H

|st − s0| ≥ |h(t)− h(0)| − 2H = t− 2H

this implies
|st − t| ≤ s0 + 2H and |h(t)− g(t)| ≤ s0 + 3H.

(2) ⇒ (3)

Let D = supt≥0|h(t) − g(t)| and set t1 = D + 4δ + 1. Let t, T ∈ RT such that
t ≥ t1 and T ≥ t+D + 8δ + 1, and let S ≥ 0 such that |h(T )− g(S)| ≤ D. Let
∆1 is a geodesic triangle consists of vertices h(0), h(T ), and g(0), then we join
the segments [g(0), g(S)] and [g(0), h(T )] to create another geodesic triangle ∆2.
Let’s apply Proposition 2.3.6 to ∆1 and then ∆2.
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If y ∈ [g(0), h(0)] such that |h(t)− y| ≤ 4δ, then

t = |h(t)− h(0)| ≤ |h(t)− y|+ |g(0)− h(0)| ≤ D + 4δ

contrary to the choice of t; there exist a x ∈ [g(0), h(T )] such that |x−h(t)| ≤ 4δ.
If z ∈ [g(S), h(T )] such that |z − x| ≤ 4δ, then

T − t = |h(T )− h(t)| ≤ |h(T )− g(S)|+ |z − x|+ |x− h(t)| ≤ D + 8δ

contrary to the choice of T ; therefore there exists st ∈ [0, S] such that |g(st)−
x| ≤ 4δ. Consequently |g(st)− h(t)| ≤ 7δ.

Finally we will show (3) ⇒ (4).Write s1 for st1 and set u = t1−s1. Then we have
|h(t1)− g(t1 − u)| ≤ 8δ. Now limt→∞|h(t)− g(t1 − u)| = ∞, this implies there
exists a T1 ≥ 1 such that t ≥ T1. Thus st ≥ s1. Now set t0 = max(t1, T1, s1). If
t ≥ t0

|h(t)− g(t− u)| ≤ |h(t)− g(st)|+ |st − (t− u)|
≤ |(st − s1)− (t− t1)|+ 8δ

= ||g(st)− g(s1)| − |h(t)− h(t1)||+ 8δ ≤ 24δ.

If there exist ϵ > 0 and t ≥ t0 such that |h(t)− g(t− u)| ≥ 16δ + ϵ, then for all
T ≥ t (see Propositions 2.3.6 and 2.3.10)

|h(t1)− g(t1 − u)|+ ϵ ≤ |h(t)− g(t− u)| − 8δ

≤ t

T
|h(T )− g(T − u)|+ (1− t

T
)|h(t1)− g(t1 − u)|

and therefore limT→∞|h(T )−g(T −u)| = ∞, which contradicts our assumption.
This implies |h(t)− g(t− u)| ≤ 16δ, ∀t ≥ t0.

The proof of (4) ⇒ (1) is trivial.

Corollary 7.1.3. Let X be a δ-hyperbolic geodesic space.

1. If g and h are two equivalent rays with the same origin, then

sup
t≥0

|h(t)− g(t)| ≤ 8δ.

2. Let g and h be two minimizing geodesics in X and H(g, h) < ∞, then
there exist a u ∈ R such that supt∈R|h(t)− g(t− u)| ≤ 16δ.

Proof. 1. If there exit ϵ > 0 and t > 0 such that |h(t) − g(t)| ≥ 8δ + ϵ,
then, as in the proof of (3) ⇒ (4) in Proposition 7.1.2 which shows that
limt→∞|h(t)− g(t)| = ∞, which is not possible.
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2. In the above proposition, we do not restrict the generality by assuming
|h(0)−g(0)| ≤ 8δ. The same argument then shows that |h(t)−g(t)| ≤ 16δ
for all t ∈ R.

There are several ways to define the boundary of X. A prime model for this
boundary is the set ∂qX of equivalent classes of quasi-rays of X. If a is the class
of a quasi-ray f, we say that f tends to a and we write f → a or f(t) → a.

A second model is the set ∂r,wX of equivalent classes of rays of X emanating
from a base point w; we also write ∂rX if there is no ambiguity on the base
point. We write the image of a ray [w, a[ from w tending to a ∈ ∂rX; in general
there are several rays of this type, even if the notation does not indicate it!
(However, the preceding Corollary 7.1.3 shows that, if g and h are two rays
coming from w tending towards a, then supt≥0|g(t)− h(t)| ≤ 8δ.)

A sequence (xi)i≥1 in X tends to infinity if limi,j→∞(xi|xj) = ∞. The notion
does not depend on the choice of w. Two Sequences (xi)i≥1 and (yj)j≥1 which
tend to infinity are equivalent if limi,j→∞(xi|yj) = ∞. A third model for the
boundary of X is the set ∂sX of equivalence classes of sequences tending to
infinity. If a is the class of the sequence (xi)i≥1, we write xi → a. (Exercise:
for X = R2, show that the relation defined above between sequences tending to
infinity is not an equivalence relation.)

Proposition 7.1.4. With the notations above, there are natural bijections be-
tween the sets ∂qX, ∂rX, and ∂sX.

Proof. First, we know that every quasi-ray is at a finite Hausdorff distance (5.5),
so that ∂qX and ∂rX are “the same” together. Therefore it remains to verify
that ∂rX and ∂sX are identifiable.

To any map g : R+ → X, we associate the sequence (xi)i≥1 defined by xi = g(i).
On one hand, we verify that (xi)i≥1 tends to infinity if g is a ray, and on the
other hand, that two equivalent rays g, h provide two equivalent sequences,
hence form a natural mapping ∂rX → ∂sX.

Conversely, let (xi)i≥1 be a sequence of X tends to a point x ∈ ∂sX as i tends
to infinity. For all i ≥ 1, choose a geodesic segment [x0, xi] from x0 to xi.
Thanks to Ascoli’s theorem, as in Theorem 5.5.1 we show that there exists a
subsequence (yi)i≥1 of (xi)i≥1 such that the segments [x0, yi] converge towards
a ray g. Hence a map from ∂sX to ∂rX which can easily be checked that it is
well defined and it is the inverse of the mapping ∂rX → ∂sX defined above.

Definition 7.1.5. Now we denote the three models described above to a same
set which is denoted by ∂X which is called the boundary of X.

Each model has its advantages. For example, to show that any quasi-isometry
of X induces a transformation of a ∂X, we will use the model ∂qX For the proof.
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For the proof that ∂X is compact, ∂rX fits well. Finally ∂sX has the virtue of
keeping a meaning even if X is neither geodesic nor proper.

There are other boundary constructions of the metric space (X, d). Let µ :
X → R∗+ be a continuous function and let dµ be the distance, defined by
dµ(x, y) = Inf

∫
C
µds, where the infimum is taken on all the curves C from

x to y parameterized by the arc length s, and where the integral denotes the
µ-length of such a curve. The µ-edge of X is X̄µ − X̄, where X̄µ and X̄ is the
completion of (X, dµ) and (X, d) respectively. By choosing µ We can find the
boundary δX of Definition 7.1.5(Corollary 7.2.M of [Gro87a], and [Flo80]).

There is also a construction of the edge with uses the Busemann functions (n∗7.5
of [Gro87a])

Proposition 7.1.6. We will always assume that X is geodesic and proper met-
ric space. The pair (X, ∂X) has the visibility property.

Proof. (See the proof of Proposition 6.1.2 for the definition of this property.)
Let a, b ∈ ∂X such that a ̸= b. Let the rays g and h coming from the base point
w tending towards a and b, respectively. Let f : R → X be the map defined by
f(−t) = g(t) and f(t) = h(t) for all t ≥ 0. By approximating the image of f by
a tree, we see that f is a quasi-geodesic. The proposal results that there exists
a finite Hausdorff distance geodesic of f (Theorem 5.5.1).

Exercise 7.1.7. The boundary of a hyperbolic space X is empty if X has a
finite diameter. Show that the above result is true if X is geodesic and proper.
For the case of non proper spaces, examine the 0-hyperbolic space (not locally
compact) obtained by equipping the arboreal distance with the union on the

n ≥ 1 segments [0, ne
iπ
n ] of the complex plane.

7.2 The boundary as a topological space

As in 7.1, we assume the space X to be δ-hyperbolic, geodesic, proper and
provided with a base point w. Here we think it’s boundary ∂X according to
the model of sequences, and we propose to introduce a topology on ∂X which
makes it compact.

The Gromov product of two points a, b in ∂X is defined by

(a|b) = sup lim inf
i,j→∞

(xi|yi)

where the supremum is taken over all the sequences (xi)i≥1 tending to a and
(yj)j≥1 tending to b.

Remark 7.2.1. Let a, b ∈ ∂X. For any sequence xi → a and yj → b, we have:

(a|b)− 2δ ≤ lim inf(xi|yj) ≤ (a|b.)
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Proof. Let γ > 0. There exist sequences xγi and yγj tending to a and b respec-
tively such that

(a|b)− γ ≤ lim inf(xγi |y
γ
j ) ≤ (a|b).

Or
(xi, yj) ≥ min{(xi, xγi ), (x

γ
i , y

γ
j ), (y

γ
j , yj)} − 2δ.

Two of the terms of (xi|yj) tend to infinity and one is bounded if a ̸= b. There-
fore,

lim inf(xi, yj) ≥ lim inf(xγi , y
γ
j )− 2δ ≥ (a|b)− γ − 2δ.

is true for all γ > 0, thus we have the desired inequality.

For any rational number r > 0, let us define:

Vr = {(a, b) ∈ ∂X × ∂X : (a|b) ≥ r}

Given r ∈ Q∗+, choose s ∈ Q∗+ such that s ≥ r + 6δ. From the definition of
hyperbolicity and the preceding remark we can show that, if (a, b) ∈ Vs and
(b, c) ∈ Vs, then (a, c) ∈ Vr. It follows that the family (Vr)r∈Q∗

+
constitutes

a fundamental system of surrounds for a uniform structure separated on ∂X
(see [Bou74], chap. II, §1) which is metrizable (id, chap. IX, §4, Proposition 2).
Hence we can always provide ∂X with the corresponding topology.

Proposition 7.2.2. The topological space ∂X is compact.

Proof. Since ∂X is metrizable, it is sufficient to verify that ∂X is sequentially
compact.

Let {an}n be a sequence of ∂X. For each n, let choose a ray gn originating from
w and tending towards an. We know that the sequence {xni }n = {gn(i)}n tends
to an. Since X is proper, we can assume (even if it extracts a subsequence) that
{gn}n converges uniformly to a ray g with origin w. Let xi = g(i) and the point
of ∂X corresponding to (xi)i≥1 (or, what comes to the same thing, to the ray
g). We are going to show that the sequence {an}n (or the sequence that had to
be extracted from it) converges to a.

Let R be an arbitrarily large integer. There exists n0(R) such that, for n ≥
n0(R) we have:

|xnR −XR| ≤ 1.

Evaluating (xni |xj) for i, j ≥ R. We have

(xni |xj) =
1

2
(|xni |+ |xj | − |xni − xj |)

=
1

2
(i+ j − |xni − xj |)
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Or

|xni − xj | ≤ |xni − xnR|+ |xnR − xR|+ |xR − xj |
≤ i−R+ 1 + j −R.

Therefore,

(xni |xj) ≥ R− 1

2
.

By using the Remark 7.2.1, we find:

(an|a) ≥ R− 1

2
− 2δ for n ≥ n0(R).

This shows that the sequence {an}n converges to a in ∂X.

7.3 The boundary as a metric space

We always make the same assumptions on the space X that X is δ− hyper-
bolic, proper, geodesic, and pointed at w. We have seen in Chapter 7.2 that
the boundary ∂X is metrilizable. The purpose of this paragraph is to explicitly
construct a family of metrics on δX whose conforming properties will be studied
at 7.4.

Let ϵ > 0 and for a, b ∈ ∂X we set

ϱϵ(a,b) = exp(−ϵ(a|b)).

is defined as Gromov’s product on ∂X, which satisfies the following properties:

(a|b) = (b|a) for every a, b ∈ ∂X,

(a|b) = ∞ if and only ifa = b,

(a|c) ≥ min {(a|b), (b|c)} − δ for all a, b, c ∈ ∂X.

It follows that ϱϵ(a, b) implies

1. ϱϵ(a, b) = ϱϵ(b, a),

2. ϱϵ(a, b) = 0 if and only if a = b,

3. ϱϵ(a, c) ≤ (1 + ϵ′) max {ϱϵ(a, b), ϱϵ(b, c)} for all a, b, c ∈ ∂X, where we
consider ϵ′ = exp(ϵδ)− 1.

The “quasi-ultrametric” inequality (3) is not guaranteed, however, ϱϵ does not
satisfies the triangular inequality. So we will modify (slightly) ϱϵ to define a
distance(metric).
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A chain between two points a and b of ∂X is a finite sequence a = a0, a1, a2, ..., an =
b of points of ∂X. We denote Ca,b be the set of these strings. We define

ϱϵ(a0, a1, ..., an) =

n∑
i=1

ϱϵ(ai−1, ai),

dϵ(a, b) = inf{ϱϵ(c); c ∈ Ca,b}

Proposition 7.3.1. If ϵ <
√
2− 1, dϵ is a distance on ∂X, then we have

(1− 2ϵ′)ϱϵ(a, b) ≤ dϵ(a, b) ≤ ϱϵ(a, b)

for all a, b ∈ ∂X. In particular, dϵ is compatible with the topology introduced at
7.2.

Proof. There is an adaptation of [Bou74, Chapter 9 , §1,] n04. The only non-
trivial point to demonstrate is the inequality

(1− 2ϵ′)ϱϵ(a, b) ≤ dϵ(a, b).

This results from the following assertion: for any integer n ≥ 1 and for any
string a = a0, a1, a2, ..., an = b of length n from a to b, we have

(1− 2ϵ′)ϱϵ(a, b) ≤
n∑
i=1

ϱϵ(ai−1, ai).

We prove this assertion by induction on n. If n = 1, there is nothing to prove,
and we can now assume n ≥ 2.

Let us assume that R =
∑n
i=1 ϱ(ai−1, ai). The inequality is true if R ≥ 1 − 2ϵ′

since ϱϵ(a, b) ≤ 1, thus R < 1− 2ϵ′.

Let p be the largest of the indices q such that
∑q
i=1 ϱϵ(ai−1, ai) ≤

1
2R. Therefore,

we have
p∑
i=1

ϱϵ(ai−1, ai) ≤
1

2
R and

p∑
i=p+2

ϱϵ(ai−1, ai) ≤
1

2
R.

By the induction hypothesis, we have

ϱϵ(a, ap) ≤
R

2(1− 2ϵ′)
and ϱ(ap+1, b) ≤

R

2(1− 2ϵ′)
.

On the other hand, ϱϵ(ap, ap+1) ≤ R. As a result: ϱϵ(ap, ap+1) ≤ R. Hence

ϱϵ(a, b) ≤ (1 + ϵ′)2 max {ϱϵ(a, ap).ϱϵ(ap, ap+1), ϱϵ(ap+2, b)}

≤ (1 + ϵ′)2

1− 2ϵ′
max {1

2
, 1− 2ϵ′}R
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As (1 + ϵ′)2(1− 2ϵ′) ≤ 1 for all ϵ′ ≥ 0 and (1+ϵ′)2

2 ≤ 1 if ϵ′ ≤
√
2− 1, we get

ϱϵ(a, b) ≤
1

1− 2ϵ′

n∑
i=1

ϱϵ(ai−1, ai).

The argument is valid for all n ≥ 2, this completes the proof.

Proposition 7.3.2. If X is quasi-isometric to the Cayley graph of a hyperbolic
group, then each distance dϵ made of ∂X is a metric space of finite Hausdorff
dimension.

Proof. More generally suppose that there exist constants k > 0 and C > 0 with

the following property: for any integer n ≥ 1, there is a finite family (x
(n)
i )i∈In

of points on the sphere S(n) = {x ∈ X : |x − w| = n}, where |In| ≤ Cekn,

such that the balls B
(n)
i of radius 1 centered at the points x

(n)
i covers S(n). For

i ∈ In, let

U (n)
i = {a ∈ ∂X : there exist a ray [w, a[ which intersects B

(n)
i }.

Let a, b ∈ U (n)
i . By approximating the set [w, a[∪[w, b[, by a tree we see that

(a|b) ≥ n−C1 for a suitable constant C1. Consequently, ϱϵ(a, b) ≤ exp (−ϵ(n−
C1)) and dϵ-diameter of U (n)

i is bounded by C2 exp(−ϵn), where C2 is another
suitable constant. If s is a number satisfying k − ϵs < 0, then we have

lim
n→∞

∑
i∈In

(diamϵ(U (n)
i ))s ≤ lim

n→∞
CeknC2e

−sϵn = 0.

Hence, the dϵ-dimensional Hausdroff subspace of ∂X is bounded by s.

7.4 Action on the boundary of isometries and
quasi-isometries of a hyperbolic space

LetX be a hyperbolic, geodesic, proper space, with w be a base point. Let ϵ be a
very small real number (as in Proposition 7.3.1) and let dϵ be the corresponding
metric on the boundary ∂X. In this paragraph, we assume that ∂X is perfect,
which is the case if X is the Cayley graph of a non-elementary hyperbolic group
(in the sense of 7.5.1 below). We write as if, for all a ∈ ∂X and r > 0, the
sphere {b ∈ ∂X : dϵ(a, b) = r} is always nonempty (see the beginning of 6.4).

Given a homeomorphism ψ of ∂X and a point a ∈ ∂X, recall that the conformal
dilation of ψ at a for the metric dϵ is given by (Definition 6.4.1).

Hϵ
ψ(a) = lim sup

r→0

{ sup dϵ(ψ(a), ψ(b)) : b ∈ ∂X and dϵ(a, b) = r}
{ inf dϵ(ψ(a), ψ(b)) : b ∈ ∂X and dϵ(a, b) = r}
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Let’s introduce more

H̃ϵ
ψ(a) = lim sup

r→0

{ sup ϱϵ(ψ(a), ψ(b)) : b ∈ ∂X and ϱϵ(a, b) = r}
{ inf ϱϵ(ψ(a), ψ(b)) : b ∈ ∂X and ϱϵ(a, b) = r}

Recall that ψ is K−quasi-conforming for dϵ if H
ϵ
ψ(a) ≤ K for all a ∈ ∂X.

Proposition 7.4.1. There exists a constant Kϵ. such that any isometry Φ of X
induces a Lipschitz homeomorphism ∂Φ on ∂X and Kϵ-near-compliant. More-
over, Kϵ tends to 1 when ϵ tends to 0.

Proof. (Compare with Corollary 6.2.1). We check as in Chapter 6 that ∂Φ is
Lipschitzian.

Let w′ = Φ−1(w) and R = |w − w′|; let (a|b)′ be the gromov product of
a, and b ∈ ∂X relative to w′ and similarly for ϱ′ϵ and d

′
ϵ. Let a, b1, b2 be three

points of ∂X. In the case where X is a tree, which satisfies the inequalities

(a|b1) > R and (a|b2) > R

and
(a|b1)− (a|b1)′ = (a|b2)− (a|b2)′.

In the general
case, we choose a segment [w,w′[ and rays [w, a[, [w, b1[ and [w, b2[. By Theorem
2.2.1 we can approximate

[w, a[∪[w, b1[∪[w, b2[∪[w,w′[

by a tree. It follows that there is a constant C (not depending on δ) having the
following property: if

(a|b1) > R+ C and (a|b2) > R+ C,

then
|[(a|b1)− (a|b1)′]− [(a|b2)− (a|b2)′]| ≤ C.

We deduce that

exp (−ϵC)ϱϵ(a, b1)
ϱϵ(a, b2)

≤ ϱ′ϵ(a, b1)

ϱ′ϵ(a, b2)
≤ exp(ϵC)

ϱϵ(a, b1)

ϱϵ(a, b2)
.
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As a result:
H̃ϵ
δΦ(a) ≤ exp(2ϵC)

and
Hϵ
δΦ(a) ≤ exp(2ϵC)(1− 2ϵ)−4

by the Proposition 7.3.1.

Proposition 7.4.2. Let X,Y be two δ-hyperbolic, proper, geodesic spaces with
perfect boundaries ∂X, ∂Y and let Φ : X → Y be a quasi-isometry. Then Φ
induces a map from ∂X to ∂Y which is Holderian and quasi-conforming.

Moreover, if there exists a quasi-isometry ψ : Y → X such that

sup
x∈X

|ψΦ(x)− x| <∞ and sup
y∈Y

|Φψ(y)− y| <∞

(e.g. if Φ : X → Y is a quasi-isometric homeomorphism), then Φ : ∂X → ∂Y
is a homeomorphism.

Proof. The function Φ : ∂X → ∂Y is holderian given the property (1) in the
Proposition 5.2.4, and quasi-conforing given in the property (2). (Also see Propo-
sition 6.2.3).

Moreover, if there is a function ψ : Y → X having the properties of the state-
ment, then the compositions of Φ : ∂X → ∂Y and ψ : ∂Y → ∂X are the
identical transformations of ∂X and ∂Y.

7.5 Some examples

Let Γ be a hyperbolic group. Proposition 5.2.4 shows that the boundary ∂Γ
is well defined up to a quasi-conformal homeomorphism; let S, S′ are two fi-
nite generators of Γ, which indeed give rise to quasi-isometric Cayley graphs
of G, and G′ whose corresponding boundaries are quasi-conformally equivalent.
We denote ∂Γ as the boundary of any one of these graphs G.

Proposition 7.5.1. Let Γ is a hyperbolic group.

1. If Γ is finite, its boundary is empty.

2. If Γ contains an infinite cyclic subgroup of finite index, its boundary has
precisely two elements.

3. Otherwise, if the boundary of Γ has at least three elements (and we will
see in Corollary 7.5.4 that the boundary is infinite).

In cases (1) and (2), the group Γ is said to be elementary.
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Proof. The assertion (1) is obvious. Suppose Γ is a finitely generated infinite
group, where S is the finite set of generators. For any integer n ≥ 1, we can
choose an element γn of length exactly 2n with respect to S; let γ′n be the
midpoint of a geodesic segment joining e and γn. Then we have

|e− γ′n| = |γ′n − γn| = n and (γn|e)γ′
n
= 0.

Let
β′n = γ′−1n and βn = γ′−1n γn

so that
|β′n − e| = |βn − e| = n and (βn|β′n)e = 0.

Let the limit of the sub sequences of (βn)n≥1 and (β′n)n≥1 are a and a′ respec-
tively. It is obvious that a ̸= a′, so that ∂Γ contains at least two elements.

Suppose that ∂Γ contains exactly two elements a and b. It remains to show that
τ contains a finite index subgroup isomorphic to Z. Let g : Z → Γ be a geodesic
joining a and b. By Corollary 7.1.3(2) any element of Γ sends g to a geodesic
whose Hausdorff distance from g is at most 16δ. It follows that any point of Γ is
at most 16δ from a point of g, so that Γ is quasi-isometric to Z. The assertion
follows from the Exercise 1.3.7.

Recall that ∂Γ is a Cantor set if Γ is a finitely generated non-abelian free group.
(chapter 6).

Let us now examine the case of the fundamental group of a close surface M of
genus at least 2. Let g be a Riemannian metric with negative curvature on M
and let Y be the universal cover of M.

For all y ∈ Y , let S1
g,y be the “visual circle” of tangent vectors to Y at y with

length 1. The function hg,y : S1
g,y → ∂Y which sends a vector ξ ∈ S1

g,y to the
class of the rays from y and tangent to ξ is a homeomorphism. An interesting
exercise is to show that hg,y is Kϵ-quasi-conform if we provide S1

g,y with the
angular metric and ∂Y of the d′ϵ metric we constructed. Also limϵ→0Kϵ = 1.

If we compare the homeomorphisms associated with the points y, y′ we obtain a
homeomorphism hg,h◦h−1g,h, of the circle which is in fact of class C1. (This is only
true for surfaces with negative curvature.) If we compare the homeomorphisms
associated with different points and metrics, hg,h ◦ h−1g,h, is a K-quasi-conformal
homeomorphism of the circle where K depends on g and g′.

Since the fundamental group τ of M is quasi-isometric to Y, we see that ∂τ is
a circle whose quasi-conformal class is well defined.

Let Γ1 and Γ2 be the fundamental groups of two closed surfaces M1,M2 of at
least two kinds, and let Γ be the free product Γ1 ∗Γ2. Let M be the polyhedron
obtained by gluing M1 and M2 by a common point c. We choose a base point
w ∈M. Any point of ∂Γ is representable by a geodesic ray inM emanating from
w. (In this particular case, we do not mean that geodesic ray is a map R →M
which is locally isometric, in the sense of classical differential geometry!)

The boundary of a hyperbolic space 113



Hyperbolic Groups

To fix ideas, suppose the base point w in M1 is distinct from the gluing point
c. Let us identify the set of unit tangent vectors to M at w with the circle S1,
then every point of S1 defines a rays in M1, and these rays contribute to ∂τ by
y defining a first copy T1 of the circle.

Let ξ be a point in S1, and gξ be the corresponding geodesic ray of M1, and
let t0 > 0 such that gξ(t0) = c; the points ξ for which there exists at least one
such t0 in S1 is a countable dense set. There exists a family of rays gη in M
which coincide with gξ for t ≤ t0 and united in M2 for t ≥ t0; the parameter η
describes the tangent to the unit circle M2 at c. This family contributes to ∂τ
by a circle T2,η “of the second generation”. It is advisable to imagine T2.η as a
circle surrounding the point ξ ∈ T1, and with all radii get the smaller as t0 is

large.

If gξ passes several times through c, there are as many disjoint circles surround-
ing ξ.

In each circle T2,ξ, there exist a countable dence set of points corresponding to
rays which can again branch off into M1, and so on.

Ultimately ∂τ is a projective limit of spaces T(j) relatively to surjective contin-
uous maps Φj : T(j+1) → T(j). The map Φj has a countably infinite number
of fibers homeomorphic to unions of circles (for all r > 0, there is only a finite
number of such circles with radius greater than r) and the other fibers are re-
duced to one point each. For example T(1) = T1 and T(2) is the countable union
of T2,ξ and T1.

Exercise 7.5.2. Let Γ1,Γ2,M1,M2 are as above, and let cj is a simple closed
geodesic of Mj(j = 1, 2). We assume c1 and c2 of the same length, and we
consider the polyhedron M obtained by isometrically gluing the image of c1 in
M1 to that of c2 inM2; we denote c, the curve obtained inM. The fundamental
group Γ of M is an amalgamate product Γ1 ∗Z Γ2. where we consider a base
point w ∈ (M1 − c) ⊂M.

Let ξ be a point on the circle S1 of unit vectors tangent to M at w. If the
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corresponding geodesic rays gξ of M1 does not meet at c, then ξ defines a point
of ∂Γ. The other ξ correspond to rays that can bifurcate in M, therefore have
intervals of a first circle T(1) that must be split in ∂Γ. The exercise consists to
specify a writing in projective limit ∂Γ = lim← T(j), where T(j) corresponds to
rays in M crossing j − 1 times between M1 and M2.

The following considerations allow us to compare the notion of Boundary of
a locally compact space with the boundary we have introduced. Since these
results are not essential for what follows, we content ourselves with sketching
the proofs. For the theory of boundary, one can consult [SW79].

The following statement was communicated to us by F. Paulin; see also [Pav89].

Proposition 7.5.3. Let X be a geodesic, proper and hyperbolic metric space.
Let ∂X be the boundary of X and bt(X) be the space of its boundary. Then there
exist a continuous surjection from ∂X to bt(X), whose fibers are the connected
components of ∂X.

Hint of the proof- Let g : R+ → X be a geodesic ray. Since this ray leaves any
compact subset of X, it has a boundary. It is easy to ensure that this boundary
depends only on the point of the boundary of X defined by g and thus the
function π : ∂X → bt(X) is continuous. Let (xn)n≥1 be a sequence of points of
X defining a point of the boundary ϵ of X. If a is a limit of a subsequence of
(xn)n≥1 in ∂X, we verify that π(a) = ϵ. Thus the function π is surjective. Since
bt(X) is totally discontinuous, the connected components of ∂X are contained
in the fibers of π.

We can see that the fibers of π are connected. Suppose that there is a partition
of a fiber π−1ϵ into two non-empty subsets F1 and F2; choose two disjoint open
sets Ω1 and Ω2 in ∂X containing F1 and F2 respectively. We choose a base
point w ∈ X, and we denote Ω̂j as the union of the rays coming from w and
tends to a point of Ωj(j = 1, 2). If BR denotes the ball with center w and radius

R and if R is large enough, we can prove that Ω̂1−BR and Ω̂2−BR are disjoint
and at a positive(> 0) distance from each other. Let g1 [respectively g2] be
a ray coming from w and tends to a point of F1 [resp. F2]. By hypothesis,
the sequences (g1(n))n≥1 and (g2(n))n≥1 define the same end. For any N ≥ 1,
therefore there exists an integer nN ≥ 1 and a path lN : [0, 1] → X connecting
g1(nN ) ∈ Ω̂1 and g2(nN ) ∈ Ω̂2 avoiding the ball BN . Since Ω̂1 − BN and
Ω̂2 − BN are at a positive distance for large enough N, there exists tN ∈ [0, 1]
such that xN = lN (tN ) belongs neither to Ω̂1 nor to Ω̂2; we choose a geodesic
segment [w, xN ] fromW to xN . As the lengths of these segments tend to infinity;
there exists an extracted sequence of ([w, xN ])N≥1, which converges to a ray g
emanating from w. It is clear that this ray g defines the same point ϵ as g1 and
g2, but can be neither in F1 nor in F2. This being absurd, it follows that π−1(ϵ)
is connected.

Corollary 7.5.4. If the boundary of a hyperbolic group Γ has at least three
distinct points, then it is an uncountable infinite set.
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Proof. If ∂Γ is finite, Proposition 7.5.3 shows that ∂Γ = bt(Γ). Now we know
that the space of the boundary of a group is either a set at 0, 1 or 2 points, or
a cantor set thus the corollary follows.

Theorem 7.5.5. Let Γ be a quasi-isometric group with a free group over a finite
set of generators. Then Γ contains a free subgroup of finite index.

Hint of the proof Since Γ is quasi-isometric to a free group, Γ is hyperbolic
and its boundary is homeomorphic to a Cantor set. It follows from Corollary
7.5.4 that Γ has an infinite boundary.

Suppose that Γ is torsion-free, and show in this case that Γ is a free group.

Stallings’ theorem, associated with Grusko’s theorem, implies that Γ can be
written as a free product of finitely generated groups Γ1 ∗Γ2 ∗Γ3 ∗ ... ∗Γn where
the Γi are groups with finite boundaries, in other words, each of the boundary
has 1 or 2 elements. For each we choose i ∈ {1, ..., n} Si is the finite set of
generators of Γi. Then the union S = ∪ni=1Si is a system of generators for Γ
and the (Γi, dSi) → (Γ, dS) are isometric embeddings. It follows that the Γi are
hyperbolic and that their boundaries (embedded in ∂Γ) are totally discontinu-
ous, so that the rays of Γi, is identified with the space of the boundaries of Γi
for i ∈ {1, ..., n}. The boundary of Γi therefore has 1 or 2 elements, hence Γi
is elementary in the sense of the Proposition 7.5.1; since Γi is torsion-free and
infinite cyclic group, thus Γ is isomorphic to the free group Z∗Z∗...∗Z(n times.)

In the case where Γ has torsion elements, the ideas are the same, but some
technical difficulties must be needed to overcome.

First of all, Γ being hyperbolic, Γ is of finite presentation. A result of Dunwoody
[Dun85] shows that Γ is accessible. In other words (See Lemma 7.1 of [SW79]),
the group Γ is isomorphic to the fundamental group of a graph of groups where
the groups placed on the edges are finite and where those placed on the vertices
have at most one end. This is the analog of the decomposition of Γ into the free
product of Γi, and represents an “amalgam product” - HNN iterated extension.
We then proceed as before by showing that the groups attached to the vertices
are isometrically long in Γ(for a good choice of system of generators), then
showing that these mems groups cannot have a boundary and that they are
therefore finite. We conclude by observing that the fundamental group of a
graph whose vertex groups are finite contains a free subgroup of finite index.
For all these facts, see [SW79] and [Ser77].
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Chapter 8

Action on boundary
induced by isometries

Etienne Ghys and Pierre de la Harpe

Translated and read by Supriti Laha as a part reading project at Cheentan
Research Foundation

The gist of this chapter is the description of dynamics of an isometry of a hyper-
bolic space X. The Section 8.1 is preparatory. We build Busemann functions
and show how they make it possible to define natural metrics on the bound-
ary of X that is deprived of a point. These metrics are the main tool used
in the Section 8.2 to classify isometries into three types: elliptical, hyperbolic,
and parabolic. In the Section 8.3, we restrict ourselves to the hyperbolic group
Γ. We then deduce purely algebraic results. For example, we show that the
centralizer of an infinite order element of Γ contains a cyclic subgroup of finite
index.

8.1 Busemann Functions and Metrics on ∂X −
{a}

Suppose X is a proper, geodesic δ-hyperbolic space. We can think of the bound-
ary of X according to the model of ray equivalence classes (see the Chapter 7
- Section 7.1), and we choose a point a of ∂X. In this context, we recall the
Chapter 6 - Section (6.3) concerning the trees.

Let h : R+ → X be a ray from y = h(0) ∈ X to a = limt→+∞ h(t). For all
x ∈ X, let,

βa(x, h) = lim sup
t→+∞

(|x− h(t)| − t)
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then,
βa(x, y) = sup{βa(x, k) : k is a ray from y to a}.

The function βa : X ×X → R is the Busemann function of the point a.

Lemma 8.1.1. Let a ∈ ∂X, x, y ∈ X and h be a ray from y to a. Then there
exists t0 ≥ 0 such that

|βa(x, y)− (|x− h(t)| − t)| ≤ 40δ

for all t ≥ t0.

Proof. Let g be a ray from x to a. Given the Proposition 7.1.2, there exists
u ∈ R and t0 ≥ max(0, u) such that |h(t) − g(t − u)| ≤ 16δ for all t ≥ t0. For
t, t′ ≥ t0, we have

|(|x− h(t′)| − t′)− (|x− h(t)| − t)|
≤ |(|x− g(t′ − u)| − t′)− (|x− g(t− u)| − t)|+ 32δ

= 32δ.

Hence, for all sufficiently large t,

|βa(x, h)− (|x− h(t)| − t)| ≤ 32δ.

So,
|βa(x, y)− (|x− h(t)| − t)| ≤ 40δ

which follows from the Corollary 7.1.3.

Note that βa(x, y) gives a meaning of the expression |x − a| − |y − a|, which
is of the type ∞ − ∞. We can think of βa(x, y) as the distance between the
horospheres Hx and Hy from center a passing through x and y (see the Section
6.3), with βa(x, y) > 0 if x is outside the horoball covered by Hy. In accordance
with this definition, we have the following proposition. (Note that (iii) is an
approximate relation of cocycle, and that βa would be a coboundary if we really
had βa(x, y) = |x− a| − |y − a|.)

Proposition 8.1.2. Let βa be the Busemann function of a point a ∈ ∂X and
let x, x′, y, y′, z ∈ X.

(i) limx→a βa(x, y) = −∞ and limx→b βa(x, y) = +∞ for all b ∈ ∂X − {a}.

(ii) |βa(x, y) + βa(y, x)| ≤ 120δ.

(iii) |βa(x, y) + βa(y, z)− βa(x, z)| ≤ 200δ.

(iv) |βa(x′, y′)− βa(x, y)| ≤ |x− x′|+ |y − y′|+ 400δ.
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Proof. Assertion (i) follows from the Lemma 8.1.1.

For (ii), we choose a ray g from x to a and a ray h from y to a. The Proposition
7.1.2 shows that there exists u ∈ R such that |h(t)−g(t−u)| ≤ 16δ for sufficiently
large t. The previous lemma shows that for sufficiently large t,

βa(x, y) = |x− h(t)| − t at 40δ close

= |x− g(t− u)| − t = −u at 56δ close

and likewise,

βa(y, x) = |y − g(t− u)| − (t− u) at 40δ close

= |y − h(t)| − (t− u) = u at 56δ close.

as a result, βa(x, y) + βa(y, x) = 0 at 112δ close.

For (iii), we further, choose a ray k from z to a. Let s, t, u be sufficiently large
numbers, so that we have on the one hand,

βa(x, y) = |x− h(t)| − t at 40δ close,

βa(y, z) = |y − k(u)| − u at 40δ close,

βa(x, z) = |x− k(u)| − u at 40δ close,

and on the other hand,

|g(s)− h(t)| ≤ 16δ,

|g(s)− k(u)| ≤ 16δ.

Then,

βa(x, y) + βa(y, z)− βa(x, z) = |x− g(s)| − t+ |y − h(t)| − u− |x− g(s)| − u

at (120 + 64)δ close and the second member of this “equality” is precisely s −
t+ t− u− s+ u = 0.

Let’s finally check (iv). The Lemma 8.1.1 implies that, for all z ∈ X,

|βa(x, z)− βa(x
′, z)| ≤ |x− x′′|+ 80δ.

Using (ii), we get,

|βa(x, y)− βa(x
′, y′)| ≤ |βa(x, y)− βa(x

′, y)|+ |βa(y, x′)− βa(y
′, x′)|+ 240δ

≤ |x− x′|+ |y − y′|+ 400δ,

which completes the proof.

Given a ∈ ∂X and w ∈ X, we define the Gromov product relative to a and w of
two points x, y ∈ X by,

(x|y)a,w =
1

2
(βa(x,w) + βa(y, w)− |x− y|) .
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Lemma 8.1.3. (i) Let ℓ be a ray from w to a and let x, y ∈ X. So,∣∣(x|y)a,w − ((x|y)ℓ(t) − t)
∣∣ ≤ 80δ

for all large enough t.

(ii) We have,
(x|z)a,w ≥ min {(x|y)a,w, (y|z)a,w} − 161δ

for all x, y, z ∈ X.

Proof. Assertion (i) follows from the definitions of (x|y)a,w and (x|y)ℓ(t) and
the Lemma 8.1.1. Assertion (ii) is an immediate consequence of (i).

The Lemma 8.1.1(i) shows that (x|y)w,a gives meaning to the expression (x|y)a−
|w − a|, of type ∞−∞.

We then extend this Gromov product relative to a and w of the distinct points
of its boundary by setting

(b|c)a,w = sup lim inf
t→∞

(h(t)|k(t))a,w

for all b, c ∈ ∂X − {a}, where the supremum is taken over all minimizing
geodesics h, k : R → X from a to b, c respectively.

Lemma 8.1.4. Let b, c ∈ ∂X −{a}, and h, k be two minimizing geodesics from
a to b, c respectively. Then, there exists t0 ∈ R such that,

|(b|c)a,w − (h(t)|k(t))a,w| ≤ 400δ

for all t ≥ t0.

Proof. Let x, x′, y, y′ ∈ X. Evidently

|(x|y)w − (x′|y′)w| ≤ |x− x′|+ |y − y′|.

It follows from the Lemma 8.1.3 that,

|(x|y)a,w − (x′|y′)a,w| ≤ |x− x′|+ |y − y′|+ 160δ.

Let h′ and k′ be two other geodesics from a to b and c respectively. The
Proposition 7.1.3 shows that there exists u, v ∈ R such that, for all t, t′ ∈ R,

|h′(t)− h(t− u)| ≤ 16δ and |k′(t)− k(t− v)| ≤ 16δ.

Choose t, t′ ∈ R and let,

x1 = h(t), x′ = h′(t′), x2 = h(t′ − u)

y1 = k(t), y′ = k′(t′), y2 = k(t′ − v)
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(see the Figure 8.1).

Figure 8.1: Figure 1

Considering the above, we have,

|(x′|y′)a,w − (x2|y2)a,w| ≤ 192δ.

If t and t′ are large enough, the Lemma 8.1.3(i) and the Remark 7.2.1 show
that,

|(x′|y′)a,w − (x1|y1)a,w| ≤ 162δ.

Therefore,
|(x2|y2)a,w − (x1|y1)a,w| ≤ 400δ,

which proves the lemma.

Lemma 8.1.5. With the above notations, we have:

(i) (b|c)a,w = ∞ if and only if b = c,

(ii) (c|b)a,w = (b|c)a,w,

(iii) (b|d)a,w ≥ min{(b|c)a,w, (c|d)a,w} − 1200δ
for all b, c, d ∈ ∂X − {a}.

Action on boundary induced by isometries 121



Hyperbolic Groups

Proof. To Show (i), first assume b = c. If h is a geodesic from a to b, we get

(h(t)|h(t))a,w = βa(h(t), w)

which tends to infinity with t by the Proposition 8.1.2(i). So (b|b)a,w = ∞.

Suppose on the contrary b ̸= c. Choose two geodesics h and k from a to b and
c respectively, as well as a ray g from w to a. Let t ∈ R. If s is large enough,
the Lemma 8.1.3 shows that,

(h(t)|k(t))a,w ≤ (h(t)|k(t))g(s) − s+ 80δ

≤ 1

2
{|h(t)− g(s)| − s+ |k(t)− g(s)| − s− |h(s)− k(t)|}+ 80δ

≤ 1

2
{|h(t)− g(0)|+ |k(t)− g(0)| − |h(t)− k(t)|}+ 80δ

≤ (h(t)|k(t))w + 80δ.

So,
(b|c)a,w ≤ lim inf

t→∞
(h(t)|k(t))w + 80δ.

But the lower limit is increased by (b|c)w. Therefore (b|c)w is finite.
Assertion (ii) is trivial.
Assertion (iii) results from the Lemma 8.1.3(i) (two factors of 80δ), the Lemma
8.1.3(ii) (a factor of 161δ) and the Lemma 8.1.4 (two factors of 400δ), hence a
factor of (160 + 161 + 800)δ ≤ 1200δ.

We then proceed as in the Section 7.3 of the Chapter 7 and, more precisely, as
follows. Let ε > 0, for all b, c ∈ ∂X − {a}, Suppose

ϱε,a,w(b, c) = exp(−ε(b|c)a,w)

and

dε,a,w(b, c) = inf

{
n∑
i=1

ϱε,a,w(bi−1, bi)

}
where the infimum is taken over all integers n ≥ 1 and over all sequence b0 =
b, . . . , bn = c of ∂X − {a}. If ε′ = exp(−1200δε) − 1, we obtain the following
result :

Proposition 8.1.6. We assume the previous notations, and we let ε to be very
small.

(i) dε,a,w is a distance on ∂X − {a}, and

(1− 2ε′)ϱε,a,w(b, c) ≤ dε,a,w(b, c) ≤ ϱε,a,w(b, c)

for all b, c ∈ ∂X − {a}.
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(ii) There exists a constant Kε ≥ 1 not depending on ε (and δ), which tends to
1 when ε tends to 0, and which has the following property. For all w′ ∈ X,

1

Kε
exp(−εβa(w,w′)) ≤

dε,a,w′(b, c)

dε,a,w(b, c)
≤ Kε exp(−εβa(w,w′))

for all b, c ∈ ∂X − {a}.

Proof. Assertion (i) was proved in the Chapter 7. Let us prove the Assertion
(ii). Let x, y ∈ X. Proposition 8.1.2 shows that the amount,

(x|y)a,w′ − (x|y)a,w =
1

2
{βa(x,w′)− βa(x,w) + βa(y, w

′)− βa(y, w)}

which is equal to,

1

2
{βa(w, x) + βa(x,w

′) + βa(w, y) + βa(y, w
′)}

at 120δ close, then βa(w,w
′) is at 320δ close. With the Lemma 8.1.4, this shows

that,
(b|c)a,w′ − (b|c)a,w = βa(w,w

′)

at 1120δ close. Therefore,

dε,a,w′(b, c) ≤ ϱε,a,w′(b, c) = exp(−ε(b|c)a,w′)

≤ exp(1120δε) exp(−εβa(w,w′)) exp(−ε(b|c)a,w)

≤ 1

(1− 2ε′)
exp(1120δ) exp(−εβa(w,w′))dε,a,w(b, c).

Likewise we have,

dε,a,w′(b, c) ≥ (1− 2ε′) exp(−ε(b|c)a,w′)

≥ (1− 2ε′) exp(−1120εδ) exp(−εβa(w,w′))dε,a,w(b, c).

Therefore it is sufficient to show,

Kε =
exp(1120εδ)

1− 2ε′
=

exp(1120δε)

1− 2 exp(−1200εδ)

to complete the proof.

Proposition 8.1.7. The distance dε,a,w on ∂X − {a} is compatible with the
topology induced on ∂X−{a} by ∂X which makes ∂X−{a}, a complete metric
space.

Proof. Let b, b1, b2 ∈ ∂X − {a} and choose geodesics ]a, b[, ]a, b1[, ]a, b2[ and a
ray ]a,w]. In the Theorem 2.2.1(ii), we can choose k = 3 and c = 16δ. Thus
there exists a metric tree T and a mapping

Φ : ]a, b[ ∪ ]a, b1[ ∪ ]a, b2[ ∪ ]a,w] → T
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which is an isometry at 24δ close. It follows from this fact and from the Lemma
8.1.3 and the Lemma 8.1.4 that it is possible to choose a constant C > 0, inde-
pendent of a, b, b1, b2, δ having the following property. If we calculate distances
or Gromov products relative to points,

[a, b] ∪ [a, b1] ∪ [a, b2] ∪ [a,w]

we make an error lesser than Cδ by replacing these with image points by Φ and
calculating the corresponding quantities in T .

For all b ∈ ∂X − {a}, let’s have,

U(b) = {b′ ∈ ∂X − {a} : (b′|b)a,w ≥ Cδ} .

In U(b), we will compare the distance dε,a,w with the distance dε,w introduced
in the Chapter 7.

Let b1, b2 ∈ U(b); let T be a tree and, Φ be a mapping almost isometric as
before. We therefore have,

(Φ(bi)|Φ(b))Φ(a),Φ(w) ≥ 0 i = 1, 2.

The tree T is therefore of the type shown in the Figure 8.2.

Figure 8.2: Figure 2

Denote ω as the centre of the tripod with “vertices” Φ(a),Φ(w),Φ(b). According
to the previous figure:

(Φ(b1)|Φ(b2))Φ(w) − (Φ(b1)|Φ(b2))Φ(a),Φ(w) = 2|Φ(w)− ω|.

Therefore, ∣∣(b1|b2)w − (b1|b2)a,w − 2|Φ(w)− ω|
∣∣ ≤ 2Cδ.

Denote A as the constant 2|Φ(w)− ω|, then we have the following property. If
b1, b2 ∈ U(b), then,

(1− 2ε′) exp(−2εCδ) exp(εA) ≤ dε,a,w(b1, b2)

dε,w(b1, b2)
≤ exp(2εCδ)

1− 2ε′
exp(εA);
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which follows from the Propositions 8.1.6 and 7.3.1, and from the inequality
that we have just demonstrated. In particular, in U(b) the metrics dε,a,w and
dε,w are in a bounded ratio.

Now observe that, by the definition of dε,a,w and by the Proposition 8.1.6,
the neighborhood U(b) contains the ball of radius r0 = (1 − 2ε′) exp(−εCδ)
(independent of b) and with centre b for the metric of dε,a,w.

In short, the metric dε,a,w has the following property.
There exist r0 > 0 such that, for all b ∈ ∂X − {a}, there exists a constant
K(b) > 0 with 1

K(b)dε,w ≤ dε,a,w ≤ K(b)dε,w in the ball with centre b and

radius r0 in the dε,a,w metric. The completeness of dε,w on ∂X implies the
completeness of dε,a,w on ∂X − {a}. Similarly, this property implies that the
topology defined by dε,a,w coincides with that induced by dε,w on ∂X−{a}.

8.2 Classification of Isometries and Their Dy-
namics

In this section, X always denotes a δ-hyperbolic proper geodesic space. Before
studying the isometries of X individually, we begin by bringing out a very useful
notion.

Proposition 8.2.1 (Proposition-Definition). Let G be a group of isometries
of X and let x be a point of X. The set of points of ∂X which are limit points
of the orbit Gx does not depend on the choice of x. It is called as the set of
limits of G.

Proof. Let a be a point of ∂X, limit of a sequence (γix)i≥1 with γi ∈ G. Let
y ∈ X be another point of X; choose a base point w. As G acts by isometries
on X,

(γix|γjx)w − |x− y| ≤ (γix|γjy)w ≤ (γix|γjx) + |x− y|

for all i, j ≥ 1. Since γix tends to a point on the boundary, (γix|γjx)w tends
to infinity. It follows that (γix|γjy)w also tends to infinity. In other words, the
sequences (γix)i≥1 and (γiy)i≥1 are equivalent and define the same point on the
boundary. Therefore the orbit Gy has the same limit points as Gx in ∂X.

Proposition 8.2.2 (Proposition-Definition). Let γ be an isometry of X.
The following properties are equivalent

(i) γ has a bounded orbit,

(ii) all orbits of γ are bounded,

(iii) the set of limits of the group spanned by γ is empty. Then γ is elliptical.
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Proof. The implication (i) ⇒ (ii) follows from the fact that γ is an isometry
and the implication (ii) ⇒ (iii) is trivial. As for (iii) ⇒ (i), this follows from
the fact that an unbounded sequence of X contains a subsequence converging
to the point of the boundary.

Let us now study the case where the set of limits is not empty.

Proposition 8.2.3 (Proposition-Definition). Let γ be an isometry of X.
Suppose that the set of limits of the group spanned by γ, contains a point a ∈ ∂X.
Then, the extension of γ to ∂X fixes the point a.

Proof. Let x be a point of X and let (ni)i≥1 be a sequence of integers such that
γnix tends to a. We have seen it in the Proposition 8.1.6 that a is also the limit
of γniy for all y and, in particular, for y = γx. As a result,

a = lim γnix = lim γniγx = γni+1x,

γa = lim γγnix = γni+1x.

Therefore the point a is fixed by γ.

To understand the structure of non-elliptical isometries, we are therefore led to
consider the group Ga of isometries of X, which fixes the point a of ∂X. We
will follow the same method in the study of the isometries of trees.

Fix a number ε > 0 and a base point w ∈ X, so that ∂X −{a} is endowed with
the metric d = dε,a,w of the previous section. We further assume that ∂X−{a}
contains at least two points.

Proposition 8.2.4. (i) There is a constant Kε ≥ 1 not depending on ε (and
on δ), which tends to 1 when ε tends to 0, and which has the following
property. For every γ ∈ Ga, there exists a constant Λa,ε(γ) such as

1

Kε
Λa,ε(γ) ≤

d(γb, γc)

d(b, c)
≤ KεΛa,ε(γ)

for all b, c ∈ ∂X−{a}, such that b ̸= c. In particular, the homeomorphism
γ on ∂X−{a} is Lipschitzian (and it is even a “quasi-isometry” of ∂X−
{a} for the metric d).

(ii) We have

K−3ε ≤ Λa,ε(γ1γ2)

Λa,ε(γ1)Λa,ε(γ2)
≤ K3

ε

for all γ1, γ2 ∈ Ga.

(iii) Moreover

lim
n→∞

Λa,ε(γ
n)

1
n = lim

n→−∞
Λa,ε(γ

n)
1
n

for all γ ∈ Ga.
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Proof. If w′ = γw, we obviously have

dε,a,w′(γb, γc) = dε,a,w(b, c)

for all b, c ∈ ∂X − {a}. The assertion (i) follows from the Proposition 8.1.6,
which shows more precisely that Λa,ε(γ) = exp(εβa(w, γw)), The assertion (ii)
is then immediate, and it implies (iii) by a classic argument (see, for example,
the Exercise 99 of [Pó72]).

Definition 8.2.5. Let γ ∈ Ga. We call the force of γ at a, and denote it by
Φa(γ), the common value of the limits of the Proposition 8.2.4(iii), i.e., the
unique number Φa(γ) > 0 such that,

lim
n→±∞

(
d(γnb, γnc)

d(b, c)

) 1
n

= Φa(γ)

for all b, c ∈ ∂X − {a}.

Remark 8.2.6. (i) It follows from the Proposition 8.2.4 that Φa(γ
n) = Φa(γ)

n

for all n ∈ Z. We don’t know if Φa is a homomorphism from Ga to R.
In the part 8.3.A of [Gro87a], M. Gromov shows how to construct a not-
locally compact example (or) Φa not being a homomorphism.

(ii) Note that the force Φa(γ) does not depend on the choice of base point w
as it follows from the Proposition 8.1.6(ii). However, Φa(γ) depends on
the choice of the constant ε > 0. This does not appear in the notation for
two reasons. First of all the number ε can be thought as arbitrarily small
but fixed. Furthermore, we have

1

Kε
≤ Φa(γ)

exp(εβa(w, γw))
≤ Kε. (⋆)

Indeed, as we have already noticed in the proof of the Proposition 8.2.4(i)

Λa,ε(γ) = exp(εβa(w, γw)).

On the other hand, by the Proposition 8.2.4(ii),

1

Kε
Λa,ε(γ) ≤

(
d(γnb, γnc)

d(b, c)

) 1
n

≤ KεΛa,ε(γ)

for all b, c ∈ ∂X − {a} and for any integer n ≥ 1. Then the inequality (⋆)
follows after passing to the limit.

Theorem 8.2.7. Let a be a point of ∂X and γ be an isometry of X fixing a.
There exists a metric dγ on ∂X − {a} compatible with the topology induced by
∂X, making ∂X − {a} a complete metric space, and such that

dγ(γb, γc) = Φa(γ)dγ(b, c)

for all b, c ∈ ∂X − {a}, where Φa(γ) is the force of γ at a.
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Proof. Let us choose ε > 0 and w ∈ X, and define

dγ(b, c) = lim sup
n→±∞

1

Φa(γ)n
d(γnb, γnc)

The theorem then follows from the Propositions 8.1.6 and 8.1.7.

Definition 8.2.8. An isometry γ of X is said to be hyperbolic if there exists a
point a of the boundary ∂X fixed by γ such that the force of γ at a is different
from 1. The point a is the source of γ if Φa(γ) < 1 and the goal otherwise.

Theorem 8.2.9. Let γ be a hyperbolic isometry of X fixing a point a ∈ ∂X,
such that Φa(γ) ̸= 1.

(i) There exists an unique point b ∈ ∂X − {a} fixed by γ.

(ii) We assume Φa(γ) < 1. Let U and V be two neighborhoods of a and b
in ∂X. There exists an integer n0 ≥ 1 such that γn(∂X − U) ⊂ V and
γ−n(∂X − V) ⊂ U for all n ≥ n0.

(iii) The isometry γn is hyperbolic for all n ̸= 0.

(iv) If Φa(γ) < 1, then Φb(γ) > 1.

Proof. We assume Φa(γ) < 1 (and we argue with γ−1 otherwise).
The Assertion (i) is immediate because, γ is a contraction of the complete met-
ric space ∂X − {a}.
The same reason with the local compactness of ∂X −{a} implies the Assertion
(ii). A neighborhood of the fixed point attracts any compact set and a neigh-
borhood of infinity in ∂X−{a} repeals any compact set not containing the fixed
point.
For the Assertion (iii), we have already observed that Φa(γ

n) = Φa(γ)
n.

For the Assertion (iv), if we had Φa(γ) < 1 and Φb(γ) < 1, then a and b would
be attracting fixed points, which would contradict (ii).

Isometries that are neither elliptical nor hyperbolic are called parabolics. We
know they fix at least one point a of the boundary of X and that their force at
a is equal to 1. The following theorem specifies their structure.

Theorem 8.2.10. Consider a parabolic isometry of X.

1. There exists a unique point a of ∂X fixed by γ0.

2. For any neighborhood U of a in ∂X and for any compact subset K ⊂
∂X − {a}, there exists an integer n0 ≥ 0 such that, γn(K) ⊂ U for
|n| ≥ n0.
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Before proving this theorem, we deduce a very explicit property of general isome-
tries.

Lemma 8.2.11. Consider an isometry γ of a locally compact metric space E.
Two cases are possible and mutually exclusive

(i) all the orbits of γ are bounded,

(ii) for all compact subsets K1,K2 of E, there exists n0 such that γn(K1) ⊂
E −K2 for |n| ≥ n0.

Proof. Let G be the group of isometries of E, endowed with the topology of uni-
form convergence on the compact subset of E; The group G is locally compact.
Let Hγ be the closure of the group generated by γ in G. We know that such
a group, called monothetic, is either compact or infinite cyclic (Theorem 2.4.1
of [Rud62]). In the first case, all the orbits of γ are obviously bounded in X. In
the second case, all the orbits (γnx)n∈Z tend to infinity, and we, therefore, have
alternative second terms.

Proof of Theorem 8.2.10. Let a be a fixed point of γ in ∂X. It follows from the
Theorem 8.2.7 and from the fact that γ is not hyperbolic that there exists a
distance d on ∂X − {a}, which is complete and compatible with the topology
of ∂X, such that γ is an isometry on (∂X − {a}, d). According to the previous
lemma, we are left to show that the orbits of γ in ∂X − {a} are not bounded.
Suppose, by contradiction, that there exists a compact subset K ⊂ ∂X − {a}
invariant by γ. Let K̂ ⊂ X be the union of the geodesics of X joining a to
a point of K. Obviously, K̂ is invariant by γ. Furthermore, consider a point
w ∈ K̂ and the horosphere

H0 = {y ∈ X : |βa(w, y)| ≤ 40δ}.

Lemma 8.1.4 shows that w ∈ H0, in particular H0 is not empty. Since the force
of γn at a is 1, this horosphere is almost preserved by γ. More precisely, Remark
8.2.6(ii) shows that there exists a constant C such that

|βa(w, γnw)| ≤ C

for all integer n ∈ Z. Then we notice that the set

K̂ ∩ {y ∈ X : |βa(w, y)| ≤ C}

is bounded and not empty. As this set contains the orbit of (γnx)n∈Z this
shows that γ has a bounded orbit in X and therefore γ is elliptical. But this is
impossible because we have assumed γ is parabolic.

We summarize some of the results obtained at this point under the form of a
corollary.
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Corollary 8.2.12. Let γ be an isometry of X and let L ⊂ ∂X the set of limits
of the group spanned by γ. So L has at most 2 points. Furthermore

(i) L is empty if and only if γ is elliptical ,

(ii) L contains only one point if and only if γ is parabolic

(iii) L contains two points if and only if γ is hyperbolic.

The hyperbolic isometries are certainly those which deserve more attention. We
dedicate the numbers 21 to 24 to a characterization of these isometries and has
two criteria allowing them to be recognized.

Proposition 8.2.13. Let γ be an isometry of X. The following conditions are
equivalent.

(i) γ is hyperbolic.

(ii) There exists a point x of X such that the orbit n ∈ Z → γnx ∈ X is a
quasi-geodesic.

(iii) For any point x of X, the orbit of x is a quasi-geodesic.

Proof. Let us show (i) ⇒ (ii). Let γ be a hyperbolic isometry and let a, b be
its fixed points in ∂X. Let g : R → X be a minimizing geodesic joining a to b;
we denote w as the point g(0). For all n ∈ Z, the geodesic γn(g) has the same
points at infinity as that of g; it is therefore located at a Hausdorff distance
less than 16δ of g (Corollary 7.1.3). For all n ∈ Z, choose tn ∈ R such that
|g(tn)− γnw| ≤ 16δ. Estimate tn. By Remark 8.2.6, On the one hand we have

LogΦa(γ
n) = nLogΦa(γ)

and on the other hand

|LogΦa(γn)− εβa(w, γ
nw)| ≤ LogKε.

By Proposition 8.1.2(iv), we also have

|βa(w, γnw)− βa(w, g(tn))| ≤ 416δ.

Or |βa(w, g(tn))−tn| ≤ 40δ by Lemma 8.1.1. So supn∈Z |tn−nLogΦa(γ)| <∞.
If LogΦa(γ) were zero, the orbit (γnw)n∈Z would be bounded and γ would be
elliptical, contrary to the hypothesis. Given LogΦa(γ) ̸= 0 and the function

n ∈ Z → γnw ∈ X

is a quasi-geodesic. The implication (ii) ⇒ (iii) is easy. If the orbit of x is a
quasi-geodesic, it is the same as that of y because

|γnx− γpx| − 2|x− y| ≤ |γny − γpy| ≤ |γnx− γpx|+ 2|x− y|

for all n, p ∈ Z. Let us finally show that (iii) ⇒ (i). If the orbit of x is a quasi-
geodesic, its points at infinity are fixed by γ. In particular, γ is not parabolic.
Moreover, also γ is not elliptical since the orbit of x is not bounded.
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Corollary 8.2.14. Let γ be an isometry of X and let x be a point of X. We
suppose that

|γ2x− x| > |γx− x|+ 18δ.

Therefore γ is hyperbolic.

Proof. The hypothesis precisely implies that n-th term of the sequence xn = γnx
satisfies the criterion of Theorem 5.3.1. Therefore, the orbit of x is quasi-
geodesic.

Definition 8.2.15. Let γ be an isometry of X. The minimum displacement of
γ is the number d(γ) = infx∈X |x− γx|.

Proposition 8.2.16. Let γ be an isometry of X. If the minimum displacement
of γ is strictly greater than 26δ, then γ is hyperbolic.

Proof. We choose a point x ∈ X and segments [x, γx],[γx, γ2x] and [x, γ2x]. We
can then find a tripod (isoscele) T , with center c, and a map f from [x, γx] ∪
[γx, γ2x]∪ [x, γ2x] to T isometric on each side, such that f is an isometry close
to 4δ. (Proposition 2.3.6). Let y be the midpoint of [x, γx]. Suppose that

|c− f(γx)| ≥ 1

2
|f(γx)− f(x)| − 9δ.

We have (see Figure 3)
|f(y)− f(γy)| ≤ 18δ.

This implies |y − γy| ≤ 26δ which is impossible since d(γ) > 26δ. We have

|c− f(γx)| < 1

2
|f(γx)− f(x)| − 9δ.

Figure 8.3: figure 3

It follows that (see Figure 4)

|f(x)− f(γ2x)| > |f(x)− f(γx)|+ 18δ

and so that
|x− γ2x| > |x− γx|+ 18δ.

The Corollary 8.2.14 implies that γ is hyperbolic.
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Figure 8.4: figure 4

The action of a group of isometries of X on its set of limits (number 8.2.1 and
above) has several remarkable properties (number 8.2 of [Gro87a]). Here is the
simplest as it provides one of the useful ingredients [dlH88], and [CM90].

Proposition 8.2.17. Let G be a group of isometries of X, let L(G) be its set
of limits and let A be a closed subset of ∂X invariant by G. Assume that A is
neither empty nor reduced to a point. Then L(G) is in A.

Proof. Let B be a part of ∂X; we denote by I(B) the set of points of X which
are on a minimizing geodesic having its two points at infinity of B. Suppose the
part of B is neither empty nor reduced to a point so that I(B) is not empty. Let
(xi)i≥1 be a sequence of points of I(B) tending to a point a of ∂X. So a ∈ B.
Indeed, for all i ≥ 1, we can choose a minimizing geodesic ℓi (seen as a subset of
X) containing xi whose extremities b′i and b

′′
i are in B. We can extract two two

sequences (b′i)i≥1 and (b′′i )i≥1, we can assume that (b′i)i≥1 [respectively (b′′i )i≥1]
converges to a point b′ [resp b′′] of B and that (ℓi)i≥1 converges to a minimizing
geodesic ℓ with ends b′ and b′′. The sequence (xi)i≥1 then converges from a
subset towards a ∈ ∂X, and on the other part towards a point of ℓ ∪ {b′, b′′}.
So we have a ∈ {b′, b′′} ⊂ B. Let A be as in the statement. Then I(A) is a
not empty part of X invariant by G. Let x ∈ I(A); recall that L(G) is the set
of points of ∂X, which are limits points of the orbit Gx. Given the above, we,
therefore, have L(G) ⊂ A = A.

Corollary 8.2.18. Let G be a group of isometries of X and L(G) be its set of
limits. We assume that G has no fixed point in ∂X. Then the action of G on
L(G) is minimal (all its orbits are dense).

Observation 8.2.19. Let Γ be a hyperbolic group acting on itself by left mul-
tiplication. The set of limits L(Γ) coincides with ∂Γ. In particular, Γ acts
minimally on ∂Γ.
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8.3 The Case of a Hyperbolic Group

In this section, we consider a hyperbolic group Γ equipped with a finite sym-
metrical system of generators S. Let X be the Cayley graph of Γ relative to S.
We know that Γ acts by isometry on the hyperbolic space X. We assume Γ is
non-elementary. Thereby ∂Γ is infinite (see 7.5.1 and 7.5.4), and the discussion
of the above section applies. In particular, the elements of Γ can a priori be
divided into three categories such as elliptical, parabolic, and hyperbolic. Note
that these notions do not depend on the choice of S. Indeed, the boundary of
X, as well as the action of Γ on this boundary, do not depend on S (Proposi-
tion 7.4.2), and we have seen how to recognize the type of an isometry by its
behavior on the boundary.

(If remains elementary, the notions of parabolic elements and hyperbolic have
not been defined. Let us agree that an element of infinite order of an elementary
group is hyperbolic. The reader will check easily that, with this convention, the
statements of this section are also valid for elementary groups.)

Proposition 8.3.1. Let γ be an element of a hyperbolic group Γ. Then γ is
elliptical if and only if γ is of finite order.

Proof. The orbit of the point e ∈ Γ of X by γ is precisely (γn)n∈Z. If this
orbit is bounded, it is periodic because the balls of Γ are finite. Conversely, an
element of finite order is obviously elliptical.

The elements of the second category are actually empty!

Theorem 8.3.2. A hyperbolic group contains no parabolic element.

We will actually show a stronger result:

Theorem 8.3.3. Let Γ be an infinite hyperbolic group and let a be a point on
the boundary ∂Γ. Let Γa be the subgroup of elements of Γ, leaving the point a
fixed. So, two cases are possible and mutually exclusive.

(i) Γa is finite.

(ii) There exists a point b of ∂Γ, different from a, left fixed by all the elements
of Γa. In this case, Γa contains an inifinte cyclic subgroup of finite index
and forms hyperbolic elements. Furthermore, Γa = Γb.

Theorem 8.3.3 is indeed stronger than Theorem 8.3.2 what we know is that
parabolic isometries are incompatible with (i) and (ii). Theorems 8.3.2 and
8.3.3 are quite easy which are consequences of the next lemma.

Lemma 8.3.4. Let Γ be an infinite hyperbolic group. let C be a positive constant
and a point a of the boundary of Γ. So there is only a finite number of elements
of Γa whose force satisfies exp(−C) ≤ Φa(γ) ≤ exp(C).
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Proof. Let γ1, γ2, · · · , γn be n distinct elements of Γa satisfying

exp(−C) ≤ Φa(γi) ≤ exp(C) (i = 1, 2, · · · , n).

Let g : R+ → X be a ray of origin e ∈ Γ ⊂ X converging towards a. Let
gi = γi ◦ g (i = 1, 2, · · · , n). As all these rays converge to the same point at
infinity, there exist a real numbers t0 ≥ 0 and u1, u2, · · · , un such that

|g(t)− gi(t− ui)| ≤ 16δ

for all t ≥ t0. From the same definition of force, the fact that gi = γi ◦ g and
the fact that exp(−C) ≤ Φa(γi) ≤ exp(C) shows that there is a constant D, not
depending on C, δ, and n, such that

|ui| ≤ D i = 1, 2, · · · , n.

Now consider a point x ∈ Γ of type g(k) with all k greater than t0. The preceding
inequalities show that

|γix− x| ≤ D + 16δ.

Let N be the number of elements of a ball of radius D + 16δ in Γ (and any
centre). Therefore we have n ≤ N . This establishes the finiteness of the set
considered in the lemma.

Proof of Theorem 8.3.2. Let γ be a non-hyperbolic element of Γa. For all n ̸=
1, γn is also an element of Γa at a of force equals 1. It follows from the lemma
that {γn} is finite and that γ is elliptical.

Proof of Theorem 8.3.3. The previous proof shows that Γa contains only a finite
number of elliptical elements. If the group Γa is infinite, it contains at least one
hyperbolic element γ. Consider the logarithm of the force

LogΦa : Γa → R.

We know (from Proposition 8.2.4) that it is a quasi-isometry in the sense that

|LogΦa(γ1γ2)− LogΦa(γ1)− LogΦa(γ2)|

is bounded independently of γ1, γ2 ∈ Γa. We also know (Lemma 8.3.4) that the
inverse image of LogΦa of a bounded interval is finite. It follows that if γ is a
hyperbolic element of Γa, the group spanned by γ is of finite index in Γa.

Let b be the unique fixed point of γ in ∂X−{a}. It remains for us to show that all
the elements of Γa fix b. Suppose, by contradiction, there is an element γ′ of Γa
does not fix b. Then γ and γ′γγ′−1 would be two contractions of ∂X−{a} having
distinct fixed points. The well-known “ping-pong” method (see [dLH82]) would
show that, for sufficiently large n, γn and γ′γnγ′−1 generate a free semigroup.
This is, of course, impossible because Γa containing a finite indexed subgroup
is cyclical and cannot have exponential growth.
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We can now prove part of Theorem 1.4.14 from the panorama

Theorem 8.3.5. Let γ be an element of infinite order of the hyperbolic group
Γ. So the group generated by γ has a finite index in the centralizer of γ.

Proof. Let Z be the centralizer of γ. Since γ has only two fixed points at
infinity, one attractive, the other repulsive, the group Z fixed these points. The
conclusion follows from Theorem 8.3.3.

We have just seen that a hyperbolic group does not contain a parabolic element.
We have also seen that such a group contains only a finite number of conjugacy
classes of torsion elements (proposition 4.3.1). The following lemma allows us
to construct actually hyperbolic elements. This demonstration, unfortunately,
is a little technical and is discussed at the end of the section.

Lemma 8.3.6. Let γ1, γ2 be two isometrics of a δ-hyperbolic space X and let x
be a point of X. Suppose that

(i) |x− γjx| > 2(γ1x|γ2x)x + 24δ (j = 1, 2),

(ii) γ1 and γ2 are not hyperbolic.

Then, the isometry γ−11 γ2 is hyperbolic

Corollary 8.3.7. Let Γ1 be a subgroup of the hyperbolic group Γ. If all the
elements Γ1 are of finite order, then Γ is finite.

Proof. Let Γ1 be an infinite subgroup of Γ and let L ⊂ ∂Γ be the set of limits of
Γ1, obviously non-empty. If L contains only one point a, this point is fixed by Γ1

and Γ1 is contained in Γa. We have seen (proof of Theorem 8.3.2) that Γa does
not contain a finite number of elliptical elements. So Γ1 contains hyperbolic
elements, which are of infinite order. If L contains two distinct points a and b,
we can find two sequences αn and βn in Γ1 converge to a and b respectively. We
have

|αn − e| → ∞ |βn − e| → +∞

(αn|βn)e bounded

Lemma 8.3.6 then shows that, for large enough n, one of elements αn, βn where
α−1n βn is hyperbolic. Consequently, Γ1 also contains elements of infinite order. It
follows that an infinite subgroup always contains elements of infinite order.

The following theorem completes the proof of Theorem 1.4.14 of Chapter 1.
Note that a subgroup of a hyperbolic group (even if it is finitely generated) is
not necessarily hyperbolic [Rip82].

Theorem 8.3.8. Let Γ1 be a subgroup of a hyperbolic group. We necessarily
have one of the following three cases
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(i) Γ1 is finite.

(ii) Γ1 contains an infinite cyclic subgroup of finite index.

(iii) Γ1 contains a free subgroup with two generators.

Proof. If Γ1 is infinite, the preceding corollary shows that it contains at least
one hyperbolic element γ1. Let a and b be the fixed points of γ1 in ∂Γ. We know
that Γa = Γb and that Γa contains an infinite cyclic subgroup of finite index. If
Γ1 ⊂ Γa then Γ1 falls under the description (ii). It is the same if Γ1 preserves
the pair {a, b}, as seen by considering the subgroup Γ1 ∩Γa of an index at most
2 in Γ1. Otherwise, there exists an element γ of Γ1 such that γ(a) /∈ {a, b} and
γ(b) /∈ {a, b}. Therefore the hyperbolic element γ2 = γγ1γ

−1 has fixed points
γ(a) and γ(b) distinct from a, b. An application “The ping-pong” (see [dLH82])
then shows that, if n is large enough, γn1 and γn2 generates a free group Γ1 of
two generators.

Corollary 8.3.9. Let Γ1 be a subgroup of a hyperbolic group Γ; Suppose Γ1

does not contain any cyclic subgroup of finite index. Let L(Γ1) ⊂ ∂Γ be the set
of limits of Γ1 (number 8.2.1) and let S(Γ1) be the set of points of ∂Γ fixed by
a hyperbolic of Γ1. Then S(Γ1) is dense in L(Γ1).

Proof. See the numbers 8.2.18 and 8.2.19.

To end this chapter, we prove Lemma 8.3.6.

Proof of Lemma 8.3.6. First step. Let F be a subset of X containing x and
at most 7 other points. The Theorem 2.2.1 shows that there is a metric tree T
and a map Φ : F → T such that

|y − x| = |Φ(y)− Φ(x)|
|y − z| − 6δ ≤ |Φ(y)− Φ(z)| ≤ |y − z|

For all y, z ∈ F . So we also have

(y|z)w)− 6δ ≤ (Φ(y)|Φ(z))Φ(w) ≤ (y|z)w + 3δ

For all y, z, w ∈ F. Let us assume

F = {γ−11 γ2x, γ
−1
1 x, γ1x, x, γ2x, γ

−1
2 x, γ−12 γ1x}

and we propose to estimate |γ−11 γ2x− γ−12 γ1x| − |γ−11 γ2x− x|.
Second step. As γ1 is an isometry, the hypothesis (i) of the Lemma for j = 1
can be written in two ways:

(1) |x− γ1x| > 2(γ1x|γ2x)x + 24δ,
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(2) |γ−11 x− x| > 2(x|γ−11 γ2x)γ−1
1 x + 24δ.

Let us first consider in T the tripod of which the vertices are the images
by Φ of x, γ1x, and γ2x, and note that r1 and r2 be the key lengths of the
corresponding edges (figure 8.5). Equality (1) implies

a+ r1 = |x− γ1x| > 2(γ1x|γ2x)x + 24δ

≥ 2(Φ(γ1x)|Φ(γ2x))Φ(x) + 18δ = 2a+ 18δ,

Figure 8.5: figure 5

that’s to say

(3) r1 > a+ 18δ.

Using (2), we obtain in the same way

(4) b1 > s1 + 18δ.

considering the tripod T of Figure 8.6.

Figure 8.6: figure 6

As a + r1 = |x − γ1x| = |x − γ−11 x| = b1 + s1, it results from (3) and (4)
that we also have

2a < a+ r1 − 18δ = b1 + s1 − 18δ < 2(b1 − 18δ),

that is to say

(5) a < b1 − 18δ.

By permuting the indices 1 and 2, we obtain in the same way
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(6) r2 > a+ 18δ.

(7) b2 > s2 + 18δ.

(8) a < b2 − 18δ.

Third step. Since γ1 is not hyperbolic, the Corollary 8.2.14 shows that
we have

(9) |γ−11 x− γ1x| ≤ |γ1x− x|+ 18δ = |γ−11 x− x|+ 18δ.

Let us now consider the isodele tripod in T whose vertices are the images
by Φ of x, γ1x, γ

−1
1 x, and let c1, u1, u2 denote the lengths of the corre-

sponding edge (figure 8.7).

Figure 8.7: figure 7

It follows from (9) and from the first step that

2u1 ≤ c1 + u1 + 18δ,

which means

(10) u1 ≤ c1 + 18δ.
As c1 + u1 = |x− γ1x| = a+ r1, it follows from (3) and (10) that

2a < a+ r1 − 18δ = c1 + u1 − 18δ < 2c1,

which means

(11) a < c1.

Likewise with obvious notations

(12) u2 ≤ c2 + 18δ,

(13) a < c2.

Fourth step. Let us sketch of the sub tree in T generated by the images
of Φ of points

x, γ1x, γ
−1
1 x, γ2x, γ

−1
1 γ2x
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Given (5) and (11), we have a < min(b1, c1). According to a < b1 ≤ c1 or
a < c1 < b1, we, therefore, have one of the two situations of Figure 8.9.

Similarly, we obtain two possible sketches by swapping indices 1 and 2.

Consider (Figure 8.8) the tripod in T generated by the images of Φ of
points x, γ−11 γ2x, γ

−1
2 γ1x.

Figure 8.8: figure 9

Figure 8.9: figure 8

If w denotes the center of this tripod, So we have

(14) |Φ(x)− w| = a.

As a result

|Φ(γ−11 γ2x)− Φ(γ−12 γ1x)| − |Φ(γ−11 γ2x)− Φ(x)|
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= |Φ(x)− Φ(γ−12 γ1x)| − a by (14)

= b2 + t2 − a by definition of b2 and t2

> 18δ by (8)

and
|γ−11 γ2x− γ−12 γ1x| − |γ−11 γ2x− x| > 18δ

by the first step. Therefore it follows from the Corollary 8.2.14 that γ−11 γ2
is hyperbolic
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Chapter 9

The Markov property for
hyperbolic groups

Etienne Ghys and Pierre de la Harpe

Translated and read by Raghunath as part of a reading project at Cheentan
Research Foundation

The results of this chapter are due to J.W. Cannon in the case of the fundamental
group of a compact manifold with constant negative curvature [Can84]. These
results have been extended and placed in the context of hyperbolic groups by
M. Gromov [Gro87a]. Subsequently, J.W. Cannon, D.B.A. Epstein, D.F. Holt,
M.S. Paterson and W. Thurston have extended these notions to more generic
groups which they call ‘automatic’ [Eps91]. This chapter contains a description
of the ‘hyperbolic situation’ which can also be considered as an introduction
to [Eps91]. Some of the following results already appeared in [Gil87].

We thank N.A. Shah, at the Tata Institute, for pointing out an error in the first
version. The readers, optimistically believed that the Theorem 9.2.1 resulted
immediately from the Proposition 9.2.13. They had been misled by the state-
ment of [Gro87a, Page 240], which is a little hasty: “The proof is identical to
that of 8.5.B1”.

9.1 Grammars and Markov groups

The use of the name ‘Markov’ in mathematics goes far beyond the strict meaning
given to it in probability theory. Let us recall that a (finite) Markov chain is
the data of a finite set E of states and, for each pair (i, j) of states, probability
of transition is denoted as pi,j . It is assumed that

∑
j∈E pi,j = 1 and then we
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are interested in the evolution of a random process which, at time t = 0, is in
a certain initial state i0 ∈ E and the state i at time (integer) t, passes to state
j at time t + 1 with a probability pi,j . Such a chain is often symbolized by its
graph whose states are the elements of E and in which an edge joins state i to
state j if pi,j ̸= 0. This edge may also carry a label on which we indicate the
value of pi,j . The main idea is that, in order to study the future of the process,
it is sufficient to know its present state. The history of the system does not
influence its future.

This same idea can serve as a basis for an extremely simple and primitive ‘lin-
guistic theory’.

Definition 9.1.1. A Markov grammar G is defined from the following three
entities:

1. A finite set of states E, of which a particular element ∗ is called the initial
state,

2. a finite set A of edges and two functions α : A→ E (origin) and ω : A→ E
(terminus),

3. a finite set S, the alphabet of G, consisting of letters and a labeling function
λ : A→ S.

A Markov grammar produces a language i.e., it allows certain finite sequences of
letters to be declared syntactically correct and others to be rejected as incorrect.

Precisely, suppose L denotes the set of finite sequences of elements of S (or
free monoid on S). We also consider the set of finite paths with origin ∗, i.e.,
the set of finite sequences a1, a2, . . . , an of elements of A such that α(a1) = ∗
and α(ai+i) = ω(ai), i = 1, 2, . . . , n − 1. Given such a path, the sequence
(λ(a1), λ(a2), . . . , λ(an)) defines an element of L. The set L(G) ⊂ L of sequences
thus formed will be called the language generated by G.

Example 9.1.2. The Markov grammar symbolised by the diagram in the Figure
9.1 generates the sequences of letters a and b formed by a block of a followed
by a block of b.

Exercise 9.1.3. Show that there is no Markov grammar of the alphabet {a, b}
where the language consists of sequences of a and b containing an even number
of the letter a.

Such a model for natural languages is obviously not interesting, because it is very
simplistic. It is sometimes necessary to retrace a long way back in a language
(e.g. German) to know how to spell the next word. Fortunately, we will see
that these ‘crude languages’ allow us to describe hyperbolic groups efficiently.

Let Γ be a finitely generated group and let S be a finite system of generators. (S
is always assumed to be symmetric, as in the Chapter 1.) Consider the natural
map π of L in Γ which associates a sequence (s1, s2, . . . , sn) of L to the element
s1s2 . . . sn of Γ.

The Markov property for hyperbolic groups 142



Hyperbolic Groups

Figure 9.1: Diagram with two letters

Definition 9.1.4. A finite group Γ is a Markov group if there exists a Markov
grammar G whose alphabet S is a generating set of Γ, such that the restriction
of the function π : L → Γ to the language L(G) is bijective.

In such a situation, any element of Γ is written as a product of elements of S in
a canonical form, dictated by some Markov grammar. We will sometimes say
that the Markov grammar governs the group Γ.

Note that the same Markov grammar can govern two non-isomorphic groups, as
can be seen by considering group Z and the Heisenberg group of the Example
1.2.2. These examples reveal a weakness of the set theory out here, a weakness
that is not always appreciated, which the automatic group theory of [Eps91]
remedies.

Definition 9.1.5. A finitely generated group Γ is strongly Markov if, for any
finite set of generators S of Γ, there exists a Markov grammar G whose alphabet
is S and such that the function π : L(G) → Γ is not only bijective but also
preserves the natural lengths on both sides.

Example 9.1.6. A finite group is strongly Markov.

Let Γ be a finite group and let S be a system of generators (always assumed
to be symmetric). Define a total ordering on S. If γ is an element of length n
with respect to S, we can choose the smallest one among the representations of
γ in the form s1s2 . . . sn in the lexicographic order derived from the total order
chosen on S. In this way, each element of Γ is written in a ‘canonical’ sequence
as a product of generators, and hence some finite sequences of generators have
been ‘selected’. Note that, if the sequence s1, . . . , sn has been selected, so is the
sequence s1, . . . , sn−1. We then construct a finite tree with base as the identity
element of Γ, whose edges are labeled by S, and whose vertices are the elements
of Γ or, if you want, the selected sequences. If the sequence (s1, . . . , sn) is
selected, we join s1s2 . . . sn−1 to s1s2 . . . sn by an edge labelled sn. The result is
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a Markov grammar in which the language is formed precisely from the selected
sequences.

As an example, consider the group Γ = Z/4Z×Z/4Z and S = {(±1, 0), (0,±1)}.
We choose the following order on S:

(−1, 0) ≤ (1, 0) ≤ (0,−1) ≤ (0, 1) .

The associated finite tree is then the in the Figure 9.2.

Figure 9.2: Γ = Z/4Z× Z/4Z

Example 9.1.7. Let S = {+1,−1} and G be the Markov grammar symbolised
by the diagram in the Figure 9.3.

Figure 9.3: S = {+1,−1}

Thus the language generated consists of the following sequences:
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1. the empty sequence,

2. sequences of the type (+1,+1, . . . ,+1),

3. sequences of the type (−1,−1, . . . ,−1).

This shows that Z is a Markov group (for the system of generators {+1,−1}).
We will see later that Z is in fact strongly Markov.

Example 9.1.8. Let Γ = L(a, b) be the free group with two generators a and b
and let S = {a, a−1, b, b−1}. The grammar of the Figure 9.4 generates precisely
the words reduced in a and b, which shows that Γ is a Markov group.

Figure 9.4: Free group

More generally, we have the following result.

Proposition 9.1.9. A free product of two Markov groups is a Markov group.

Proof. Let Γ1,Γ2 be two Markov groups and G1,G2 be two governing grammars,
relating to the system of generators S1, S2, and whose initial states are ∗1, ∗2,
respectively. Let N (means ‘neutral’) be an auxiliary symbol and G be the
grammar represented by graph in the Figure 9.5.

The states of G consist of the disjoint union of those of G1 and G2 with an
additional state ∗ which is also the initial state of G. The alphabet of G is the
disjoint union of the alphabets of G1 and G2, to which we add the symbol N .
The states of G1 (G2 respectively) are connected to each other by edges labelled
in G1 (G2 respectively). Two edges, labelled N , join ∗ to the states ∗1 and ∗2.
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Finally, each state of G1 (G2 respectively) is connected to ∗2 (∗1 respectively)
by an edge with the label N .

Figure 9.5: Figure 5

The reader will have to understand that the language generated by G almost
does the trick; now we just have to get rid of the symbol N . We proceed as
follows,
For each consecutive pair (a, b) of edges (i.e., the origin of b is the destination
of a) such that the label of a is N and that of b is not N , we create a new edge
joining the origin of a to the destination of b, labelled in the same way as b.
Once this is done, we delete all the edges of G labelled N . It is easy to convince
ourselves that we have thus obtained a Markov grammar governing the group
Γ1 ∗ Γ2 for the system of generators S1 ∪ S2.

In the same way, we have the following result,

Proposition 9.1.10. An extension of a Markov group by another Markov group
produces a Markov group.

Proof. We consider an exact sequence:

1 −→ Γ1
i−→ Γ

p−→ Γ2 −→ 1
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and we assume that we have two Markov grammars G1,G2 governing Γ1,Γ2

associated with system of generators S1, S2 of initial states ∗1, ∗2, respectively.
Let σ : Γ2 → Γ be a section of p. Let N be an auxiliary symbol and let G be
the grammar (see the Figure 9.6).

Figure 9.6: Figure 6

The set of states of G is the disjoint union of those of G1 and G2. The initial state
is ∗2. The alphabet of G is the disjoint union of i(S1), σ(S2) and the symbol
N . If two states of G1 (respectively G2) are connected by an edge labelled s,
the corresponding states of G are linked by a label i(s) (respectively σ(s)). N -
labelled edges join the states of G2 to the state ∗1. In same way as in the
previous Proposition, we ‘get rid’ of the symbol N . We have then obtained
another Markov grammar which obviously governs the grouping.

The last two Propositions, together with Examples 9.1.6 and 9.1.7, already
provide a large class of examples. Recall that a finitely generated group is
called polycyclic if it is obtained by successive extensions of cyclic groups (finite
or infinite). A finitely generated nilpotent group is polycyclic.

Corollary 9.1.11. Any polycyclic group is a Markov group.

Is a resolvable finitely generated group Markov? In fact, it is not easy to find
examples of groups which are not Markov, although this is probably the general
case. However, here is an example.
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Proposition 9.1.12. Let Γ be an infinite finitely generated group of which all
the elements are torsion elements (see the Chapter 13 for the construction of
examples of such groups). Then Γ is not a Markov group.

Proof. Let G be a Markov grammar governing the group Γ. If Γ is infinite, then
G necessarily has a cycle, i.e., a directed path l whose origin coincides with the
destination. Let c be a path with origin as the initial state and with destination
as one of the states of l, which can be considered as the origin of l. If there
were no such path, we could remove the states of l that are states of G without
altering the language generated by G and start the operation again. For any
integer n ≥ 1, the path c followed by n copies of l is then a path with origin
as the initial state. The elements of Γ associated with all these paths must all
be distinct and, in particular, the element of Γ associated with l cannot be a
torsion element.

9.2 Markov grammars for reduced sequences of
hyperbolic groups

The following result is fundamental.

Theorem 9.2.1. Hyperbolic groups are strongly Markov.

Only at end of the Section 9.3 we will complete the proof of this theorem. Before
we begin, let us explain a corollary which is the Theorem 1.4.15.

Corollary 9.2.2. Let Γ be a hyperbolic group and let S be a finite symmetric
set of generators of Γ. Denote the number of elements of Γ whose length with
respect to S is exactly n by σS(n). Then the counting function ζS(t) defined by
the formal series

ζS(t) =
∑∞
n=0 σS(n)t

n

is in fact a rational function of the variable t.

Proof. Let G be a Markov grammar with alphabet S such that the mapping
π : L(G) → Γ of the Definition 9.1.4 is bijective and preserves the lengths. Let
E be the set of states and ∗ be the initial state of G. Let M be the square
matrix whose rows and columns are indexed by E and whose coefficient M(i, j)
is the number of directed edges in G originating at state i and ending at state
j. The coefficient of the nth power of M located at the intersection of row i and
column j, denoted as Mn(i, j), is the number of directed paths of length n with
origin i and destination j in the graph defined by G. Therefore the counting
function can be written as

ζS(t) =
∑∞
n=0

∑
j∈EM

n(∗, j)tn .
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Let P (t) = c0 + c1t + . . . + ckt
k be the minimal polynomial of M and P̄ (t) =

ck + ck−It+ . . .+ c0t
k be its reciprocal polynomial. We have

c0M
n + c1M

n+1 + . . .+ ckM
n+k = 0

for any integer n ≥ 0. It follows that P̄ (t)ζS(t) is a polynomial in t.

The proof of the Theorem 9.2.1 is not short, and we aim at a more modest goal.
Let Γ be a hyperbolic group and let S be a finite symmetric set of generators
of Γ. Rather than establishing the existence of a Markov grammar governing
the elements of Γ in sense of the Definition 9.1.5, we first show that there is one
governing reduced sequence of elements of S (see Corollary 9.3.1 below).

Now, consider in general a group Γ generated by a finite set S such that e /∈ S
and S−1 = S. Recall that the length of γ with respect to S is the smallest
integer n ≥ 0 such that γ is the product of a sequence of n elements of S, and
we note lS(γ) as this length (Section 1.2).

Definition 9.2.3. The notations being as above, we call a reduced-sequence
a sequence (s1, . . . , sn) of elements of S such that the length of the product
γ = s1s2 . . . sn ∈ Γ is n. Such a sequence is then called a reduced decomposition
of γ.

We can associate to any sequence σ = (s1, . . . , sn) a mapping g of the interval
{0, 1, . . . , n} of Z in Γ defined by g(0) = e and g(j) = s1s2 . . . sj . The sequence
σ is then reduced if and only if g is a geodesic segment in the space Γ with the
metric of words defined by S.

question 9.2.4. The set R of reduced sequences defined by Γ and S constitutes
a language, i.e., a subset of the set L, of all finite sequences of elements of S.
Then this is a natural question to ask whether there are criteria for this language
to be produced by a Markov grammar. One such criterion is shown below as the
Proposition 9.2.13.

Remark 9.2.5. The set R has the property that it contains the empty sequence
and that any initial sequence (s1, . . . , sp) of a reduced sequence (s1, . . . , sp, sp+1, · · · sp+q)
is still a reduced sequence. The elements of R are thus organised in a simplicial
tree rooted and labelled T (R) whose constituents are listed below:

1. The states of the tree are the elements of R.

2. The root (or base point) of the tree is the empty sequence.

3. The tree contains a directed edge of origin σ and of destination σ′ if and
only if σ is obtained from σ′ by deleting the last letter.

4. The label of an edge joining σ = (s1, s2, . . . , sn) to σ
′ = (s1, s2, . . . , sn, s)

is the element s ∈ S.
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Reciprocally, any rooted simplicial tree T , with a function associating to every
edge as an element of S, produces a languageR(T ) such that any initial sequence
of R(T ) is still in R(T ). (The description of a language R by a tree T is just
an organised way of listing all the words in R.)

Question 9.2.4 can be rephrased as follows: under what conditions does a sim-
plicial tree rooted and labelled T produce a language that can also be generated
by a Markov grammar?

Given such a tree T , we associate a subtree Tx to any state x of T, whose states
are the states y of T for which any path from the root of T to y passes through
x, an edge of T being in Tx, if and only if its origin and destination are in Tx.
The tree Tx is obviously rooted (with root x) and labelled.

Definition 9.2.6. Let T, a simplicial tree, be rooted and labelled. Two states
x and y of T are said to have the same type if there exists an isomorphism of
Tx on Ty which maps the root x of Tx to the root y of Ty and which respects
the labelling of the edges.

Proposition 9.2.7. Let T be a rooted and labelled simplicial tree. If there are
only a finite number of vertex in T , then the language produced by T is produced
by a Markov grammar.

Proof. Let S be the set used to label the edges of T , and let us define a Markov
grammar G as follows,
The set E of its states is the set of state types of T , and the initial state ∗ ∈ E
is the type of the root of T . Let i ∈ E be a state represented by a state x of T ,
then for each edge (x, y) in T of origin x and label s, we introduce an edge in
G of origin i and destination the type of y, which we label by s (this does not
depend on the choice of x in type i). It is obvious that the languages produced
by G and T coincide.

Example 9.2.8. Let us consider the free group Γ on two generators a, b, and
let us denote by S the symmetrical set {a, a−1, b, b−1}. In this case, the reduced
sequences are in natural bijection with the group itself. The simplicial rooted
tree defined by the reduced sequences is none other than the Cayley graph
G(Γ, S) rooted in the identity element e of Γ, the edges being directed (they
move away from e) and provided with labels (the edge of w to w′ carries the
label w−1w′ ∈ S); see the Figure 9.4.

This tree has five types of states. The first type is represented by the root e of
T . Each of the other types is associated with a node, to one of the generators
s ∈ S, the type of a state being the last letter of the associated reduced word.
The Markov grammar produced by the proof of the Proposition 9.2.7 is shown
in the Example 9.1.8.

The next step is to understand when two states of T are of the same type, when
T is associated with the reduced sequences provided by a pair (Γ, S).
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Definition 9.2.9. Let Γ be a group generated by a finite set S (such that e /∈ S
and S−1 = S) and let C be a positive integer. Let BC be the closed ball in Γ
with centre e and radius C in the dS metric. The local position of order C of
an element γ ∈ Γ is the mapping

p(γ) : BC −→ {−C,−C + 1, . . . , 0, 1, . . . , C}

defined by p(γ)(α) = dS(e, γα)− dS(e, γ).

In the following definition, (QPG) can be thought of as “Quasi-extension of
geodesic segments”.

Definition 9.2.10. Let Γ and S be defined as above. The pair (Γ, S) is said to
have the (QPG) property if there are integers K > 0 and L > 0 such that the
following condition is satisfied.

Let γ0, γ1, . . . , γp, γp+1, . . . , γp+q be a sequence of elements of Γ such that q ≥
K, and such that each of the sequences (γ0, γ1, . . . , γp, γp+1, . . . , γp+K) and
(γp+1, . . . , γp+q) are geodesic segments (in the metric dS). Let α0, α1, . . . , αN
be a geodesic segment in Γ such that α0 = γ0 and αN = γp+q. Then each of the
γj is at a distance less than or equal to L from at least one of the αi (see the
Figure 9.7).

Figure 9.7: Figure 7

Lemma 9.2.11. A hyperbolic group Γ has the property (QPG) with respect to
any finite symmetric set of generators S.

Proof. Given the system S, we know that there exists a constant δ ≥ 0 such
that all geodesic triangles (in dS metric) in Γ are δ-fins (Proposition 2.3.6). Let
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K be an even integer such that K > δ. Let (γ0, . . . , γp+q) and (α0, . . . , αN )
be two sequences as in the Definition 9.2.10. Let’s set β = γp+K

2
. Let ∆

denote the geodesic triangle with vertices α0 = γ0, β and αN = γp+q and sides
(γj)0≤j≤p+K

2
, (γj)p+K

2 ≤j≤p+q
and (αi)0≤i≤N .

The Gromov product (α0 | αN )β is bounded by K
2 . Let T be the tripod associ-

ated with ∆ and f : ∆ → T be the usual map (Definition 2.3.1). We have,

dS (γp, β) = |f (γp)− f(β)| = K

2
,

dS (β, γp+K) = |f(β)− f (γp+K)| = K

2
.

Since the length of the foot of T with vertex f(β) is (α0 | αN )β , we also have

|f (γp)− f (γp+K)| = max
{
0, K − 2 (α0 | αN )β

}
.

But f doesn’t decrease distances by more than δ, so

|f (γp)− f (γp+K)| ≥ dS (γp, γp+K)− δ = K − δ.

As K − δ > 0, it follows that 2 (α0 | αN )β ≤ δ ≤ K.

We know that the tripod T approaches the triangle ∆ to within δ distance.
Hence any point of (γj)0≤j≤p+q is at a distance less than or equal to K

2 + δ

from one of the points of (αi)0≤i≤N . Therefore, the pair (Γ, S) has the (QPG)

property, which is realized by taking K as above and L = K
2 +δ in the Definition

9.2.10.

From a technical point of view, the following lemma is the center of this chapter.

Lemma 9.2.12. Let Γ be a group and S be a symmetric finite set of genera-
tors of Γ. We denote by R, the language of associated reduced sequences (see
the Question 9.2.4), by T , the corresponding rooted and labeled simplicial tree
(Remark 9.2.5), and we consider two reduced sequences σ = (s1, . . . , sn) ∈ R
and τ = (t1, . . . , tp) ∈ R.

We assume that the pair (Γ, S) has the (QPG) property of the Definition 9.2.10
for constants K and L, and that the elements σ̄ = s1s2 . . . sn and τ̄ = t1t2 . . . tp
have the same local position of order C (Definition 9.2.9), where C is a constant
such that C ≥ max(K,L). Then σ and τ have the same type in T .

Proof. The vertices of Tσ are the reduced sequences which begin with σ, and
vertices of Tτ are those which begin with τ . We will show that the transforma-
tion

(s1, . . . , sn, r1, . . . , rq) 7−→ (t1, . . . , tp, r1, . . . , rq)

defines an isomorphism of Tσ on Tτ , i.e., σ and τ have the same type. We
therefore give ourselves a reduced sequence (s1, . . . , sn, r1, . . . , rq), and it is a
question of verifying that (t1, . . . , tp, r1, . . . , rq) is also a reduced sequence.
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First step : (examination of two segments) Let’s suppose,

γ0 = e , γ1 = t1, . . . , γp = t1t2 . . . tp;

γp+1 = t1t2 . . . tpr1, . . . , γ = γp+q = t1t2 . . . tpr1r2 . . . rq.

We will show that (γj)0≤j≤p+K′ and (γj)p≤j≤p+q are geodesic segments, where

K ′ = min (q,K).

The sequence τ is reduced by hypothesis. Since the local positions of order C
of σ̄ and τ̄ are the same, we have

dS (e, τ̄ r1)− dS(e, τ̄) = dS (e, σ̄r1)− dS(e, σ̄),

which is written as,

dS (e, γp+1) = p+ (n+ 1)− n = p+ 1.

We also have that,
dS (e, γp+j) = p+ j

for any integer j ≥ 1 such that j ≤ min (q, C), and in particular for any j ≥ 1
such that j ≤ K ′.

The sequence (γj)p≤j≤p+q is also a geodesic segment, because (r1, . . . , rq) is a
reduced sequence.

Second step : (The triangular inequality) Let (u1, u2, . . . , uN ) be a reduced
decomposition of γ. The integer N , which is the length of γ, is therefore less
than or equal to p+ q. We are now going to show the opposite inequality, i.e.,
p+ q ≤ N . Let’s suppose,

α0 = e, α1 = u1, α2 = u1u2, . . . , αN = u1u2 . . . uN = γ,

such that (αi)0≤i≤N is a geodesic segment. As (Γ, S) has the (QPG) property
for K and L and as max(K,L) ≤ C, there exists i ∈ {0, 1, . . . , N} such that
dS (γp, αi) ≤ C. We have γp = τ̄ , and we set αi = ξ. Let θ be the left
multiplication in Γ par σ̄τ̄−1 and let ζ = θ(ξ); if ϱ̄ denotes s1s2 . . . snr1r2 . . . rq,
we also have ϱ̄ = θ(γ). See the Figure 9.8.
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Figure 9.8: Figure 8

First, the triangle inequality gives

n+ q = dS(e, ϱ̄) ≤ dS(e, ζ) + dS(ζ, ϱ̄). (9.2.1)

As σ̄ and τ̄ have the same local position of order C, we have

dS(e, ζ)− dS(e, σ̄) = dS(e, ξ)− dS(e, τ̄),

which is written as,
dS(e, ζ) = n+ i− p.

The isometry θ takes ξ to ζ and γ to ϱ̄, so we also have

dS(ζ, ϱ̄) = dS(ξ, γ) = N − i.

Thus the inequality 9.2.1 becomes,

n+ q ≤ n+ i− p+N − i (or) p+ q ≤ N
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We therefore have p + q = N , so that the sequence (γj)0≤j≤p+q is a geodesic

segment joining e to γ. In other words, the sequence (t1, . . . , tp, r1, . . . , rq) is
reduced.

Finally, here is an answer to the Question 9.2.4.

Proposition 9.2.13. If the pair (Γ, S) possesses the (QPG) property of the
Definition 9.2.10, then there exists a Markov grammar G with alphabet S whose
language L(G) is precisely formed from the reduced sequences for (Γ, S).

In particular, if Γ is a hyperbolic group and if S is a symmetric finite set of
generators of Γ, then we have the same conclusion.

Proof. The first assertion follows from the previous lemma, from the Proposition
9.2.7, and from the finiteness of the number of local positions of a given order
for Γ and S. The second assertion follows from the Lemma 9.2.11.

9.3 Markov grammars for hyperbolic groups

The Proposition 9.2.13 obviously does not suffice to prove the Theorem 9.2.1,
because an element of a group Γ generally has several decompositions reduced
to the system of generators S

(There are exceptional cases such as those of free groups - see the Example
9.2.8).

Consider again a group Γ generated by a finite set S such that e /∈ S and
S−1 = S, and the set L consist of all the finite sequences of elements of S. Let’s
put a total order on S. We also consider the total order on L defined as follows,
given two sequences σ = (s1, . . . , sn) and τ = (t1, . . . , tp), we set σ ≤ τ if n < p
(or) if n = p and if σ precedes τ in the lexicographical order on Sn derived from
the chosen order on S.

Definition 9.3.1. The notations being as mentioned above, a sequence σ =
(s1, . . . , sn) is well reduced if σ ≤ τ for any sequence τ = (t1, . . . , tp) such that
s1s2 . . . sn = t1t2 . . . tp. Such a sequence σ is then a well-reduced decomposition
of γ = s1s2 . . . sn ∈ Γ. In the following, we denote by B, the subset of L formed
by well-reduced sequences.

It is obvious that every well-reduced sequence is reduced (Definition 9.2.3), that
every element γ ∈ Γ has a unique well-reduced decomposition, and that there
is a natural bijection between B and Γ.

From now on and until the end of the chapter, we consider a pair (Γ, S) to be
possessing the (QPG) property and S is ordered. We denote by R, the set of
reduced sequences of (Γ, S) and B, the set of well-reduced sequences of (Γ, S).
We choose a Markov grammar G with,
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1. S - alphabet set,

2. set of states - E and initial state - ∗,

3. set of directed edges A, and labeling function λ : A→ S,

which produces the language R (Proposition 9.2.13 shows that such a choice
exists). We are going to build other Markov grammars G1,G2,G3, the third
of which produces the language B and thus makes it possible to complete the
proof of the Theorem 9.2.1. The 9.3(First modification) and 9.3(Second modi-
fication) below do not have much of logical argument, but we hope they make
the considerations of number 9.3(Third modification) natural.

Definition 9.3.2 (Accompanying sequences). Let σ = (s1, . . . , sn) ∈ R be a
reduced sequence and C be a positive constant. Let’s suppose,

γ0 = e, γ1 = s1, γ2 = s1s2, . . . , γn = s1s2 . . . sn

such that the length of γj is exactly j. Let τ = (t1, . . . , tn) ∈ L be a sequence
having the same number of elements as σ and suppose

ξ0 = e, ξ1 = t1, ξ2 = t1t2, . . . , ξn = t1t2 . . . tn

Let us say that τ accompanies σ (from a distance C) if,

dS (γi, ξi) ≤ C for each i = 1, . . . , n,

i.e., if there is a sequence (b1, . . . , bn) of elements of the ball

BC = {x ∈ Γ : dS(e, x) ≤ C}

such that ξi = γibi for i = 1, . . . , n (see the Figure 9.9). Note that we have
bi = s−1i bi−1ti for i = 1, . . . , n (we set b0 = e ).

Figure 9.9: Figure 9

First Modification- Let G1 be the Markov grammar constructed from G as
follows.
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1. The alphabet of G1 is S × S.

2. The set of states of G1 is E1 = E ×BC and the initial state is (∗, e).

3. Two states (iα, bα) and (iω, bω) of E1 are the origin and the destination
respectively of an edge labeled (s, t) if and only if the following two con-
ditions are satisfied:

• In G, there is an edge from iα to iω with label s, and

• bω = s−1bαt.

It follows from the considerations of accompanying sequences (9.3.2) that the
language generated by G1 is made up of the sequences

((s1, t1) , (s2, t2) , . . . , (sn, tn))

such that (s1, . . . , sn) ∈ R and such that (t1, . . . , tn) accompanies (s1, . . . , sn)
from a distance C.

Second modification- We here define a Markov grammar with a set of states
larger than that of G1, but with alphabet S. Let G2 be the Markov grammar
defined as follows.

1. The alphabet of G2 is S.

2. The set of states of G2 is E2 = E × PC , where PC denotes the set of
subsets of the ball BC , and the initial state is (∗, {e}).

3. Two states (iα, Xα) and (iω, Xω) of E2 are the origin and the destination
respectively of an edge labeled s if and only if the following two conditions
are satisfied:

• In G, there is an edge from iα to iω with label s, and

• Xω =
(
s−1XαS

)⋂
BC

=
{
bω ∈ BC : there exists bα ∈ Xα and t ∈ S such that bω = s−1bαt

}
The language generated by G2 is in natural bijection with the language R of
reduced sequences, which can make the grammar G2 appear unnecessarily com-
plicated in comparison with G. However, G2 provides more information than G
in the following sense.

Let σ = (s1, . . . , sn) ∈ R. The path in G2 of origin (∗, {e}) corresponding to
σ results in a state (i,X), where X ⊂ BC . So X is formed by the elements
b ∈ BC for which there is a sequence (t1, . . . , tn) accompanying σ such that
t1t2 . . . tn = s1s2 . . . snb. In other words, G2 makes it possible to describe not
only reduced sequences but also the sequences that accompany them (from a
distance C).
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Note that X contains e for any state (i,X) connected to (∗, {e}). We would
therefore not change anything in the generated language by replacing PC by the
set of subsets of BC which contain e.

Third modification- Let us first recall that (Γ, S) possesses (by hypothesis)
the (QPG) property, and therefore in particular, we can choose a constant C ≥ 0
with the following property:
If σ = (s1, . . . , sn) and τ = (t1, . . . , tn) are two reduced decompositions of the
same element of Γ, then σ and τ accompany each other at the distance C.

Consider a well-reduced sequence σ = (s1, . . . , sn). For all i ∈ {1, . . . , n}, the
sequence (s1, . . . , si) is reduced as well. Let Xi denote the subset of the ball BC
formed by the elements b for which there exists a sequence (t1, . . . , ti) such that

(t1, . . . , ti) < (s1, . . . , si),

(t1, . . . , ti) accompanies (s1, . . . , si) from a distance C,

t1t2 . . . ti = s1s2 . . . sib.

Let us note that e /∈ Xi, because σ is well reduced. We set X0 = ∅,
Xi = {b ∈ BC : there exists t ∈ S such that t < si and b = s−1i t

}⋃
{b ∈ BC :

there exists t ∈ S and b′ ∈ Xi−1 such that b = s−1i b′t
}
.

(If (t1, . . . , ti) and b are defined as above, the first part of the union corresponds
to the case where (t1, t2, . . . , ti−1) = (s1, s2, . . . , si−1) and the second part to
the case t1t2 . . . ti−1 = s1s2 . . . si−1b

′ with b′ ∈ Xi−1.)
Finally, note that Xi can be empty. For example, this is the case if i = 1 and
if σ starts with the smallest element of S. We finally define a Markov grammar
G3 as follows.

1. The alphabet of G3 is S.

2. The set of states of G3 is E3 = E × P ′C , where P ′C denotes the set of
subsets of the punctured ball BC − {e}, and the initial state is (∗, ∅).

3. Two states (iα, Yα) and (iω, Yω) of E3 are the origin and the destination
respectively of an edge labeled s if and only if the following two conditions
are satisfied:

• In G, there is an edge from iα to iω with label s, and

• If suppose X = {b ∈ BC : there exists t ∈ S such that t < s and
b = s−1t

} ⋃
{b ∈ BC : there exists t ∈ S and b′ ∈ Yα such that

b = s−1b′t
}
, then e /∈ X and Yω = X.

The language generated by G3 is in natural bijection with the language B of well-
reduced sequences. More precisely, we check the following property by induction
on n.
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Let σ = (s1, . . . , sn) ∈ B. Denote (i, Y ) to be the state on which the originated
path at (∗, ∅) ends in G3 that corresponds to σ, then Y is the subset of BC formed
by the elements b for which there exists a sequence (t1, . . . , tn) accompanying σ
from a distance C such that

(t1, . . . , tn) < (s1, . . . , sn) ,

t1t2 . . . tn = s1s2 . . . snb.

(The inequality implies that we also have (t1, . . . , ti) ≤ (s1, . . . , si) for all i ∈
{1, . . . , n− 1}.) Therefore we have proved that,

Theorem 9.3.3. If the pair (Γ, S) possesses the (QPG) property of the Defini-
tion 9.2.10, then there exists a Markov grammar of alphabet S whose language
is precisely formed of well-reduced sequences for (Γ, S).

In particular, any hyperbolic group is strongly Markov.
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Chapter 10

Singular spaces of
non-positive curvature

Werner Ballmann

Read by Raghunath JV as a part of reading project at Cheentan Research
Foundation— cheentan.com

In [Gro87a] Gromov explains the definition of upper curvature bounds for singu-
lar spaces, a concept which goes back to A.D. Aleksandrov, cf. [ABN86]. Below
is a discussion of this material. The main application is a criterion for the
hyperbolicity of certain simply connected polyhedra.

From the Theorems 10.1.8 and 10.2.7 below it follows that a simply connected
locally compact complete geodesic space X is hyperbolic if it has curvature
KX ≤ χ < 0. The meaning of the latter is defined via the CAT-inequality
(C = Comparison, A = Alexandrov, T = Toponogov) which is discussed in
the Section 10.1. In the Section 10.2, we discuss about spaces of non-positive
curvature and prove a version of the Cartan-Hadamard Theorem (Theorems
10.2.5 and 10.2.7). In the Section 10.3, we consider simplicial complexes whose
k-simplices, for all k, are isometric to simplices in the unique complete simply
connected k-dimensional Riemannian manifold Mk

χ of constant sectional curva-
ture χ. Theorem 10.3.1 finally gives a (necessary and sufficient) criterion when
such a space has curvature ≤ χ which combined with what we said above gives
the criterion for hyperbolicity mentioned above.

Throughout this chapter, X is a locally compact complete length space. Then
any two points in X are connected by a geodesic segment, that is, an isometry
c : [a, b] −→ X connecting the given points, see [Gro81c]. A geodesic arc is a
curve c : [a, b] −→ X which is locally a constant speed reparametrization of a
geodesic segment. Furthermore, as is customary in Riemannian geometry, we
set π/

√
χ = ∞ for χ ≤ 0.
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I acknowledge very helpful discussions with and remarks by A. Haefliger, G.
Thorbergsson and Th. Wolter.

10.1 The CAT(χ) - inequality

A triangle in X consists of three geodesic segments a, b, c with matching ends.
The vertices opposite to a, b, c will be denoted A,B,C and the side lengths are
denoted |a|, |b|, |c|. For χ given, a comparison triangle for such a triangle is a
triangle in M2

χ with the same side lengths. A comparison triangle exists and is
unique if the perimeter of the original triangle is less than 2π/

√
χ. Compare

the Section 3.1 for the following definition,

Definition 10.1.1. A triangle (a, b, c) in X of perimeter less than 2π/
√
χ sat-

isfies the CAT(χ)-inequality if for any p ∈ a

|p−A| ≤ |p−A| ,

where p and A are the points on the comparison triangle in M2
χ corresponding

to p and A.

Remark 10.1.2. (i) If all triangles of perimeter less than 2π/
√
χ in a ball

B2ϵ(p) ⊂ X satisfy the CAT(χ)-inequality, then Bϵ(p) is convex if ϵ < π/2
√
χ.

(Our epsilons will always be sufficiently small.) More precisely, for all q0, q1 ∈
Bϵ(p) there is a unique segment in X from q0 to q1 and this segment is contained
in Bϵ(p). The uniqueness also implies that it depends continuously on q0 and
q1 (Arzela - Ascoli).

(ii) If all triangles in X satisfy the CAT(χ)-inequality for some (fixed) χ < 0,
then X is hyperbolic.

Lemma 10.1.3. If U ⊂ X is convex and all triangles in U of perimeter less
than 2π/

√
χ satisfy the CAT(χ) - inequality, then any triangle (a, b, c) in U of

perimeter less than 2π/
√
χ satisfies the CAT*(χ)-inequality: for any two points

p, q on (a, b, c) we have
|p− q| ≤ |p− q| ,

where p and q are the points on the comparison triangle in M2
χ corresponding

to p and q.

The easy proof of the Lemma 10.1.4 is left to the reader.

Lemma 10.1.4. Let (a0, b, c0) and (a1, b, c1) be two triangles in X of perimeter
less than 2π/

√
χ, with common side b and common vertices A and C. Suppose

c0∪c1 is minimal from B0 to B1 and |a0|+|a1|+|c0|+|c1| < 2π/
√
χ. If (a0, b, c0)

and (a1, b, c1) satisfy the CAT*(χ)-inequality, then also (a0, a1, c0 ∪ c1)

Proof. We will show first that the comparison triangles (a0, b, c0) and (a1, b, c1),
matched along b, span an interior angle ≥ π at A. If the interior angle at A is
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less than π, then for p0 ∈ c0\{A} sufficiently close to A, the geodesic segment
from p0 to p1 will meet b in q ̸= A. But then we have

|p0 − q| ≤ |p0 − q| and |p1 − q| ≤ |p1 − q|

But since c0 ∪ c1 is minimal we also have

|p0 − p1| = |p0 −A|+ |A− p1|
= |p0 −A|+ |A− p1|
> |p0 − q|+ |q − p1| since q ̸= A

≥ |p0 − q|+ |q − p1| ≥ |p0 − p1|

This is a contradiction, and thus the assertion about the interior angle follows.

Now the comparison triangle for (a0, a1, c0 ∪ c1) is obtained by straightening
c0 ∪ c1. Consider first the case p ∈ a1, q ∈ a2 and the geodesic segment from p
to q is contained in c0 ∪ c1. It cuts b in a point τ . Since (a0, b, c0) and (a1, b, c1)
satisfy the CAT*(χ)-inequality, we have

|p− q| ≤ |p− τ |+ |q − τ |
≤ |p− τ |+ |q − τ | = |p− q|

Now when straightening c0 ∪ c1, the distance between p and q increases which
proves the asserted inequality in this case.

The other cases are treated similarly, except the case indicated in the Figure
10.1, where the geodesic from p to q leaves the union of the comparison triangles
(a0, b, c0) and (a1, b, c1). In this case we estimate

|p− q| ≤ |p−A|+ |q −A| ≤ |p−A|+ |q −A|

Figure 10.1: The Exception Triangle

Now during the process of straightening, |p − A| and |q − A| increase, we may
think of B0 being fixed during the process. Then the moving point A remains
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on the sphere of radius |c0| about B0, and therefore |p − A| increases since A
never reaches the point opposite to p as viewed from B0. For this argument note
that the distance function to p has exactly two critical points on the geodesic
circle about B0, namely the points where the line through B0 and p intersects
the circle. The claim about q − A follows similarly. Now at some time during
the process of straightening, the geodesic segment from p to q hits A, and from
that time on, we can use the argument in the case considered above to obtain
the required inequality. Thus the lemma follows.

Suppose now that X1 and X2 are locally compact complete length spaces and
that A1 ⊂ X1 and A2 ⊂ X2 are closed convex subsets. If there is an isometry
i : A1 −→ A2, we can use i to glue X1 to X2 along A1 and A2 to obtain a space
X1 ∪i X2 = Y . The structures on X1 and X2 give rise to a length structure on
Y and Y is then a locally compact complete length space. An easy application
of the Lemma 10.1.4 is

Corollary 10.1.5. If all triangles in X1 and X2 of perimeter less than 2π/
√
χ

satisfy the CAT*(χ)-inequality, then the same is true in Y .

Definition 10.1.6. We say that X has curvature KX ≤ χ if any p ∈ X has a
neighbourhood Up such that any triangle in Up of perimeter less than 2π/

√
χ

satisfies the CAT(χ)-inequality

Theorem 10.1.7. Suppose X has curvature KX ≤ χ and suppose for all p, q ∈
X such that |p−q| < π/

√
χ there is a unique geodesic segment from p to q. Then

each triangle in X of perimeter less than 2π/
√
χ satisfies the CAT(χ)-inequality.

Proof. Fix p ∈ X and R < π/
√
χ. Since the closed ball BR(p) is compact,

there is an ϵ > 0 such that Bϵ(q) ⊂ Uq for all q ∈ BR(p), where Uq is as in

the Definition 10.1.6. For any q in BR(p) there is, by assumption, a unique
geodesic segment cq(t), 0 ≤ t ≤ 1, from p to q. The uniqueness implies that
cq depends continuously on q (Arzela-Ascoli). In particular, there is a δ > 0

such that |cx(t) − cy(t)| < ϵ for all x, y ∈ BR(p) such that |x − y| < δ and all
0 ≤ t ≤ 1.

We now consider triangles of perimeter ≤ 2R with one vertex in p. We restrict
first to triangles (p, x, y) such that |x− y| < δ. Choose an n such that∣∣∣∣cx( i− 1

n

)
− cx

(
i

n

)∣∣∣∣ , ∣∣∣∣cy ( i− 1

n

)
− cy

(
i

n

)∣∣∣∣ < ϵ ,

1 ≤ i ≤ n, and assume inductively that the triangle (p, cx(
i
n ), cy(

i
n )) satisfies

the CAT*(χ)-inequality, 1 ≤ i ≤ n− 1. Since∣∣∣∣cx( i− 1

n

)
− cx

(
i

n

)∣∣∣∣ < ϵ ,
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also the triangle (cx(
i
n ), cy(

i
n ), cx(

i+1
n )) satisfies the CAT*(χ)-inequality. Hence

by the Lemma 10.1.4, the triangle (p, cy(
i
n ), cx(

i+1
n )) satisfies the CAT*(χ)-

inequality. By a similar argument it then follows that (p, cx(
i+1
n ), cy(

i+1
n )) sat-

isfies the CAT*(χ)-inequality, and by induction we conclude that (p, x, y) sat-
isfies the CAT*(χ)-inequality. Analogously one proves the CAT*(χ)-inequality
for all triangles of perimeter ≤ 2R with one vertex in p by induction on k, where
(k − 1).δ ≤ |x− y| < k.δ.

Remark 10.1.8. (vice versa of the Theorem ) If each triangle inX with perimeter
less than 2π/

√
χ satisfies the CAT(χ)-inequality, then X has curvatureKX ≤ χ,

and for all p, q ∈ X such that |p−q| < π/
√
χ there is a unique geodesic segment

from p to q.

10.2 Spaces of non-positive curvature

Throughout this section we assume that the space X has curvature KX ≤ 0.
For p ∈ X and R > 0, the closed ball B = B2R(p) is compact. Hence there is
an ϵ > 0 such that B2ϵ(q) ⊂ Uq for all q ∈ B, where Uq is as in the Definition
10.1.6

Lemma 10.2.1. If c0, c1 : [a, b] → Bϵ(q) are geodesic arcs, then |c0(t)−c1(t)| is
convex in t. In particular, for q0 and q1 in Bϵ(q), there is exactly one geodesic
arc in X from q0 to q1 and this arc depends continuously on q0 and q1.

Proof. Let c : [a, b] → X be a geodesic segment from c0(a) to c1(b). Then c is
contained in B2ϵ(q) as are the geodesic segments from c0(a) to c1(a) and c0(b)
to c1(b). We obtain two triangles in B2ϵ(q) and since

|c0(t)− c1(t)| ≤ |c0(t)− c(t)|+ |c(t)− c1(t)| ,

the convexity assertion is a consequence of the Lemma 10.1.3. The other asser-
tions follow easily (Arzela-Ascoli).

Consider the space Wn of continuous curves c : [0, 1] → B such that c(0) = p,

c

([
i− 1

2n
,
i+ 1

2n

])
⊂ B ϵ

2

(
c

(
i

2n

))
, 1 ≤ i ≤ 2n− 1,

and

L(c) =

2n∑
i=1

∣∣∣∣c( i− 1

2n

)
− c

(
i

2n

)∣∣∣∣ ≤ R

On this space we will define a deformation, the so-called Birkhoff curve-shortening
process. For 0 ≤ τ ≤ 1 and c ∈Wn, we define Dτ (c) to be the curve inWn which
results from c by replacing the pieces c |

[
i
n ,

i+τ
n

]
, 0 ≤ i ≤ n−1, by the geodesic
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segments, reparametrized appropriately, connecting c
(
i
n

)
and c

(
i+τ
n

)
respec-

tively. Note that D1(c) |
[
i
n ,

i+1
n

]
, 0 ≤ i ≤ n − 1, is a geodesic arc. Similarly

we let D̃τ (c) be the curve in Wn which results from c by replacing the pieces
c |

[
2i+1
2n , 2i+2τ+1

2n

]n
by the corresponding geodesic segments, reparametrized

appropriately. Finally we set D(c) = D̃1(D1(c)). Then,

Proposition 10.2.2. c = D(c) if and only if c is a geodesic arc.

For c ∈Wn, we set E(c) =
∑2n
i=1

∣∣c ( i−12n

)
− c

(
i
2n

)∣∣2. Obviously,

Proposition 10.2.3. c |
[
i−1
2n ,

i
2n

]
is a geodesic arc, 1 ≤ i ≤ 2n, then E(D(c)) ≤

E(c) with equality if and only if c is a geodesic arc.

Since Dτ (c) and D̃τ (c) are continuous in T , they define a homotopy keeping
endpoints fixed from c to D(c). Hence c is homotopic to D(c) in the space of
curves from p = c(0) to c(1). From the Lemma 10.2.1 we conclude:

Lemma 10.2.4. If c0, c1 ∈Wn are sufficiently close, then

|D(c0)−D(c1)| ≤ |c0 − c1|

The main result of this section is the following analog of the Cartan - Hadamard
Theorem of Riemannian geometry.

Theorem 10.2.5. Let p, q ∈ X. Then each homotopy class of curves from p to
q contains exactly one geodesic arc.

Proof. Let c : [0, 1] → X be a continuous curve from p to q. Choose R, ϵ and n
as above so that c ∈Wn. Then the sequence,

c,D(c), D2(c) = D(D(c)), · · ·

is equicontinuous. Since B is compact, by the theorem of Arzela - Ascoli there is
a convergent subsequence Dnj (c) → c0. Then c0|

[
i−1
2n ,

i
2n

]
is a geodesic arc and

c0 is a curve from p to q in the homotopy class of c. Clearly E(Dnj (c)) →
E(c0) and since E(Dn(c)) decreases monotonically as n increases, we have
E(Dn(c)) → E(c0).
In particular,

E(D(c0)) = limn→∞E(Dnj+1(c)) = limn→∞E(Dn(c)) = E(c0)

and hence c0 is a geodesic by the Proposition 10.2.3. Hence each homotopy class
contains a geodesic.

Suppose now c0, c1 : [0, 1] → X are two geodesics from p to q in the same
homotopy class, and cτ , 0 ≤ τ ≤ 1, is a homotopy from c0 to c1. Choose R, ϵ and
n as above so that cτ ∈Wn for all τ . Then since Dn(c0) = c0 and Dn(c1) = c1,
we obtain homotopies Dn(cτ ) from c0 to c1. It follows from the Lemma 10.2.4
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that the sequence of mappings (τ, t) 7→ Dn(cτ )(t) is equicontinuous. Hence we
obtain a limit cτ (t) of a subsequence and cτ is a homotopy from c0 to c1. Our
argument above shows that each cτ is a geodesic from p to q. If |σ − τ | is
sufficiently small, then |cσ(t)− cτ (t)| < ϵ

2 for all t, hence locally convex and
therefore also globally convex in t. Since |cσ(t)− cτ (t)| = 0 for t = 0 and t = 1,
we obtain cσ = cτ if |σ − τ | is sufficiently small. Hence we finally conclude
c0 = c1 which is the uniqueness assertion.

Remark 10.2.6. The existence argument did not require KX ≤ 0.

From the Theorems 10.2.5 and 10.1.8, we immediately conclude the following
Theorem:

Theorem 10.2.7. If X is simply connected, then X is contractible. For q0, q1 ∈
X there is exactly one geodesic segment from q0 to q1 and this geodesic is min-
imal and depends continuously on q0 and q1. If c0, c1 : [a, b] → X are geodesic
arcs, then |c0(t)− c1(t)| is convex in t.

10.3 Polyhedra with K ≤ χ

A straight simplex in Mk
χ is by definition the intersection of k + 1 closed half-

spaces in Mk
χ in general position. Throughout this section we assume that X

is an (M,χ)-space. That is, X has a locally finite triangulation in which each
simplex ∆ is isometric to a straight simplex ∆ in the corresponding model space
Mk
χ , where k = dim(∆). Subdividing if necessary, a given p ∈ X will be a vertex

of the triangulation. If ∆1,∆2, · · · ,∆N are the simplices of X which possess p
as a vertex and q0, q1 ∈ ∆i, there is exactly one geodesic segment from q0 to q1,
at least after subdivision, and it corresponds to the geodesic segment from q0
to q1 in ∆i. This applies in particular to q0 = p. By the set Dp of directions
at p, we mean the set of non-constant geodesic segments c : [0, ϵ] → X such
that c(0) = p modulo the relation c ∼ c̃ if c̃(t) = c(t) for all small t. The set
Di
p, 1 ≤ i ≤ N , of directions at p pointing into ∆i, that is c(t) ∈ ∆i for t ≥ 0

small, corresponds to the part of the unit sphere in p ∈ ∆i ⊂Mk
χ , k = dim(∆i),

which points into ∆i. The angle measurement induces a metric in Dp and the
simplices Di

p turn Dp into an (M, 1)-space. It is clear that the metric on Dp

does not depend on the triangulation. It is not required that Dp is connected,
the distance between some points in Dp might be infinite.

The main result of this section is as follows,

Theorem 10.3.1. If X is an (M,χ) - space, then X has curvature KX ≤ χ if
for all p ∈ X, the CAT(1)-inequality holds for all triangles in Dp of perimeter
< 2π.
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Proof. As above we assume that p is a vertex of the triangulation, and we denote
by ∆1,∆2, · · · ,∆N the simplices which contain p as a vertex. Note that,

U0 = ∆1 ∪ · · · ∪∆N

is a neighbourhood of p. For q ∈ U0, we denote by γq(τ), 0 ≤ τ ≤ 1, the unique
geodesic segment from p to q and by v(q), the direction of p pointing at q. If
c : [α, β] → X is a geodesic segment such that Im(c) ⊂ U0 and p /∈ Im(c), then
there is a subdivision

t0 = α < t1 < . . . < tn = β of [α, β]

such that c | [ti−1, ti] ⊂ ∆j(i), 1 ≤ i ≤ n. If v ◦ c is not constant, then (τ, t) 7→
γc(t)(τ), 0 ≤ τ ≤ 1 and ti−1 ≤ t ≤ ti, spans a 2-dimensional simplex in X(in
general not belonging to the triangulation of course) which is isometric to a
2-simplex Γi in M2

χ. We match the corresponding sides of these Γi in M2
χ to

obtain the situation in the following Figure 10.2.

Figure 10.2: Figure 2

The sides of the Γi opposite to p will join to a smooth geodesic arc c in M2
χ.

Note that the angle at p between x and y is exactly the length of the curve
v ◦ c in Dp and that (γx, c, γy) is the comparison triangle for (γx, c, γy), where
x = c(α) and y = c(β). Clearly we have:

Proposition 10.3.2. If c is a geodesic segment in X such that p /∈ Im(c) ⊂ U0

then v ◦ c is shorter than π.

Since there is a formula inM2
X expressing the length of c in terms of the distances

of p to x and y and the angle at p, we conclude:

Proposition 10.3.3. v◦c is a geodesic segment in Dp if c is a geodesic segment
in X.

It also follows that if ϵ > 0 is small compared to the size of the ∆i, then
Bϵ(p) = U is convex.
We now want to show that every triangle (a, b, c) in U (by necessity of perimeter
< 2π/

√
χ, if ϵ is small) satisfies the CAT(χ)-inequality.

Singular spaces of non-positive curvature 167



Hyperbolic Groups

Proof. There are three cases. The first case is p ∈ a∪ b∪ c and the proof is left
to the reader.

The second case is

|v(A)− v(B)|+ |v(B)− v(C)|+ |v(C)− v(A)| ≥ 2π (10.3.1)

where the notation is as in the Section 10.1. We match the comparison triangle
for (γA, b, γC) to the comparison triangle for (γC , a, γB) along γC and then match
the comparison triangle for (γB , c, γA) to this figure along γB . The diagram that
we obtain looks as in the Figure 10.3, by the Equation 10.3.1

Figure 10.3: Figure 3

To obtain the comparison triangle for (a, b, c), we have to move A1 and A2 to
the intersection A of the circles of radius b about C and radius c about B.
Clearly, for any x on the segment from p to B and y on the segment from p to
C, ∣∣A2 − x

∣∣ ≤ ∣∣A− x
∣∣ and

∣∣A1 − y
∣∣ ≤ ∣∣A− y

∣∣
Now after straightening, the line from A to q will meet either the segment from
p to B in a point x or the segment from p to C in a point y. In the first case,∣∣A− q

∣∣ = ∣∣A− x
∣∣+ |x− q|

≥
∣∣A2 − x

∣∣+ |x− q| ≥ |A− q|

and the other case is similarly proved

The third case is

|v(A)− v(B)|+ |v(B)− v(C)|+ |v(C)− v(A)| < 2π (10.3.2)
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We think of M2
1 = S2 as the tangent unit sphere in a point p ∈ M3

χ. We
match the comparison triangles for (γA, b, γC), (γC , a, γB) and (γB , c, γA) along
the sides γA, γB and γC and obtain the following Figure 10.4.

Figure 10.4: Figure 4
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The radial projection of the triangle (A,B,C) onto the unit sphere M2
1 in p is

the comparison triangle for (v ◦ a, v ◦ b, v ◦ c) in M2
1 . Since any triangle in Dp

of perimeter < 2π satisfies the CAT(1)-inequality, we have

|v(A)− v(q)| ≤
∣∣∣v(A)− v(q)

∣∣∣ = ∣∣v(A)− v(q)
∣∣ (10.3.3)

Let c : [α, β] → X be a geodesic segment from A to q. Then γ = v ◦ c : [α, β] →
Dp is a geodesic segment from v(A) to v(q) and the length L(γ) is |v(A)−v(q)|.
There is a subdivision

t0 = α < t1 < . . . < tn = β of [α, β]

such that γ | [ti−1, ti] is contained in D
j(i)
p , 1 ≤ i ≤ n. Since γ | [ti−1, ti] is

minimal, γ | [ti−1, ti] is a set of directions belonging to a 2-dimensional surface
in ∆j(i) which corresponds to the intersection of ∆j(i) with an M2

χ. If we match
these intersections together, we obtain the following Figure 10.5 in M2

χ.

Figure 10.5: Figure 5
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Since we have, ∣∣∣p̃− Ã
∣∣∣ = |p−A| =

∣∣p−A
∣∣

|p̃− q̃| = |p− q| = |p− q|

and since,

̸<p̃
(
Ã, q̃

)
= |v(A)− v(q)|

≤
∣∣v(A)− v(q)

∣∣ = ̸<p̃
(
A, q

)
We finally conclude that,

|A− q| =
∣∣∣Ã− q̃

∣∣∣ ≤ ∣∣A− q
∣∣

This completes the proof of the Theorem 10.3.1

Remark 10.3.4. It is clear from the proof that X does not have curvature KX ≤
χ, if for some triangle of perimeter < 2π in some Dp, p ∈ X, the CAT(1)-
inequality does not hold.
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Chapter 11

Orbi-Spaces

André Haefilger

Translated and read by Subhadip Banerjee as a part of reading project at
Cheentan Research Foundation

Let Γ be a group acting properly by isometries on a locally compact geodesic
space X̃ equipped with hyperbolic metric such that the quotient space Γ\X̃
is compact. Therefore Γ is a hyperbolic group (Theorem 3.3.6). The purpose
of this chapter is to show how such actions can be constructed starting from a
space that is quotient by a locally finite group of a space with negative curvature
(orbi-space is of negative curvature). The main result in this chapter is Theorem
11.3.1. This talk explains pages 127 and 128 of [Gro87b].

11.1 Definition of Orbi-Spaces

An action of a group Γ on a space Y is said to be rigid (or, quasi-analytic)
if an element of Γ remains the neutral element when its restriction to an open
set of Y is the identity. An effective action of Γ by isometry on a connected
Riemannian variety is necessarily rigid, but not always true for any metric space
in generally. For example, the action of the cyclic group of order 2 on a graph
of the form of three edges from the same generated vertex by the exchange of
two edges is an effective non-rigid action.

Suppose the action of Γ on the simply connected space X̃ be proper and
rigid. Let X = Γ\X̃ be the space of the orbits. Then how can we reconstruct
the action of Γ on X̃ from the given local data about the quotient space X?
(For example if the action is free, then X̃ is the universal covering of X and Γ is
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the fundamental group of X.) Thus the local information defines an orbi-space
structure on X.

Definition 11.1.1. A rigid orbi-space on a topological space X is defined as:

1. {Ui}i∈I is an open cover of X.

2. For every i ∈ I, the rigid action of a finite group Γi on a locally compact
space Vi and a continuous projection πi : Vi → Ui (called, standardising
map) induces a homeomorphism between Γi\Vi and Ui.

3. From pseudogroup G there exists transformation map such as: for all
vj ∈ Vj such that πj(vj) ∈ Ui ∩ Uj , there exists a local homeomorphism
γij (also known as transformation map) from the neighbourhood W of vj
to a neighbourhood of a point vi ∈ Vi such that πi = πjγji on W , a well
defined composition of maps in the neighbourhood of an element of Γi.

Precisely, this implies that the union of the transformation maps (in partic-
ular, that are continuous over the elements of Γi) gives a pseudogroups G of
homeomorphisms of the disjoint union V of Vi’s, whose restriction at each Vi is
given as the action of Γi, the projection π : V → X, the union of πi, induces a
homeomorphism between the space of orbits G\V and X.

Recall that a pseudogroup of transformations of a space V is a collection of
homeomorphisms from open sets of V to open sets of V containing the identity
of V and closed under the composition operation.

Two such information define the same orbi-space structure on X if, put to-
gether, the compatibility conditions (3) are still satisfied for a suitably extended
pseudogroup.

Definition 11.1.2 (Terminology). If the uniformizing neighbors Vi are varieties
[resp. stars in simplicial complexes on which G operates simply], thenX is called
an orbi-variety or V -variety in the sense of Satake (see [Sat57] and [Thu78])
[resp. an orbi-hedron]. If the Vi are metric spaces such as the transformation
maps of local isometries, then X is an orbi-space metric.

Definition 11.1.3. Orbi-spaces are expandable: On the space of orbits
X = Γ\X̃ of a rigid proper action of a group Γ on a locally compact space
X̃, we have a natural structure of orbi-space defined as following. Let π be
the natural projection of X̃ onto X. For x ∈ X, we choose an element xi of
X̃ in the orbit x and an open neighborhood Vi of xi invariant by the stability
subgroup Γi of xi and such that γVi ∩ Vi = ∅ if γ ∈ Γ − Γi; it follows that the
restriction πi of π on Vi induces a homeomorphism from Γi\Vi to Ui = π(Vi). If
πi : Vi → Ui and πj : Vj → Uj are standardising maps thus constructed and if
vj ∈ Vj is such that π(vj) ∈ Ui∩Uj , then a change of maps γij is the restriction
to a neighborhood W of vj of an element of Γ applying W in Vi.
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We say that an orbi-space X is developable if there exists a locally compact
simply connected space X̃ and a proper rigid action of a group Γ on X̃ such
that X = Γ\X̃ with the structure of orbi-space defined above. We say that X̃ is
the development or the universal covering of X and that Γ is the fundamental
group of X. (see Section 11.4).

11.2 Example

Example 11.2.1. Let X = [0, 1], U0 = [0, 1[ and U1 =]0, 1]. The space V0 is
the open cone on 3 points on which the cyclic group C3 of order 3 acts by cyclic
permutations and V1 is the interval ] − 1,+1[ on which the cyclic group C2 of
order 2 acts by symmetry.

This orbi-space is developable; its expansion is the complete tree X̃ having 3
edges coming from each vertex (see Figure 11.2.2) on which the group Γ = C3∗C2

acts properly.

Example 11.2.2. Let X be a locally compact and locally simply connected
topological space connected by arc and let S a discrete subset of X, each point
y of S having an open neighbourhood Uy homeomorphic to a 2-disc centred at y,
the Uy being disjoint. For each y, we get an integer ny > 1 (called the order of
ramification). We define an orbi-space structure on X by considering the open
covering form of U0 = X −S and Uy, y ∈ S. We set V0 = U0 and π0 = identity.
For all y in S, then Vy is a 2-disk on which the cyclic group Γy of order ny acts
by rotations, the map πy : Vy → Uy inducing a homeomorphism from Γy\Vy
onto Uy and applying the centre y of Vy on the centre y of Uy. Transformation
maps are uniquely defined by these information. The Uy with their orbi-space
structure are called orbi-cones of order ny.
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Consider a base point x0 in U0 and for each y in S the element αy in π1(U0, x0)
represented by a string of the form ℓycyℓ

−1
y , where ℓy is a path in U0 of origin

x0 and of extremity in Uy, and cy a small string in Uy − {y} going around yet
base once at the extremity of ℓy. Let Γ be the quotient of π1(U0, x0) by the
normal subgroup N generated by the elements (αy)

ny , y ∈ S.

Proposition 11.2.3. The orbi-space X , as described above, is expandable if
and only if the classes modulo N of the elements αy are of order ny in Γ. In
this case, X with its orbi-space structure is the quotient of a simply connected
space X̃, by a proper rigid action of Γ.

Proof. It is easy to see that if X is expandable, then the classes modulo N of the
elements αy are of order ny. Let’s show the reverse argument. Let ρ : X0 → U0

be the Galois covering of group Γ of U0 determined by the homomorphism of
π1(U0, x0) on Γ. Its restriction over each Uy − {y} is a disjoint union of cyclic
coverings of order ny, on the assumption that the class of αy modulo N is of
order ny. Each of these connected components is therefore homeomorphic to
Vy−{ỹ}, thus by adding to each of them a point ỹ, we obtain a locally compact

space X̃ on which the group Γ acts properly and the extension of the projection
p to X̃ induces a homeomorphism from Γ\X̃ to X. Moreover, X̃ is simply
connected because π1(X0) = N and the addition of the points ỹ eliminates the
elements of N .

This is a special case of the previous example. with X = S2 and S a point.
This orbi-variety is not developable according to the previous criterion.

11.3 Statement of the Main Theorem and Ex-
amples

An orbi-space X admits a metric with curvature K ≤ 0 [resp. K < 0] if the
domain Vi of uniformising maps are geodesics spaces with curvatureK ≤ 0 [resp.
K < 0] (see Chapter 10), the groups Γi acts by isometries and transformations
maps are also locally isometries.

Theorem 11.3.1. Let X be a connected compact orbi-space with curvature
K ≤ 0. Then X is developable. In other words, the orbi space X is the quotient
of a simply connected geodesic metric space by an isometric rigid proper action
of a group Γ. In particular, if K < 0, then Γ is hyperbolic.

Example 11.3.2. Let X be a finite simplicial complex of dimension 2 and let
S be the set of barycenters of the 2-simplexes. The construction of Example
11.2.2, which consists by replacing each 2-simplex of barycenter y by an orbi-
cone of order ny ≥ 2 [resp. ≥ 3] gives on X a structure of orbi-hedron on which
we can put a metric with curvature K ≤ 0 [resp. K < 0], therefore expandable
by the previous theorem.
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Indeed, let X ′ be the simplicial subdivision of X obtained by adding as new
vertices the barycenters of the 2-simplexes; let Uy be the interior of the 2-simplex
with barycenter y (it is the union of 3 triangles in X ′). Let Vy be the interior of
a regular polygon with 3ny sides of length ℓ in a hyperbolic space of constant
curvature K, with ℓ small enough so that the vertex angle is at least 2π/3 (if
ny = 2, we must take K = 0) The cyclic group of order ny acts simply by
rotations on Vy and the quotient is isomorphic to Uy. We thus obtain on X ′ a
structure of orbi-hedron with a metric of curvature K ≤ 0 [resp.K < 0 if ny > 2
for all y].Indeed the condition of Theorem 10.3.1 is satisfied.

11.4 Fundamental Group and Universal Cover
of an Orbi-Space

Let us consider the pseudogroup G of all transforming map (see condition (3)
of Definition 11.1.1) acting on the disjoint union V of the sources Vi of the
standardising maps (the following definitions are valid for any pseudogroup G).

Definition 11.4.1 (Definition of G-paths). A G-path c parameterised by [0, 1]
with origin x0 ∈ V and extremity x1 ∈ V is given by

(i) Let 0 = t0 ≤ t1 ≤ . . . ≤ tk = 1 be partition of the interval [0, 1],

(ii) For 1 ≤ i ≤ k, ci : [ti−1, ti] is continuous,

(iii)
˜
γ0,

˜
γ1, · · ·

˜
γk elements of G, the source of

˜
γi being x0 for i = 0 and ci(ti)

for i > 0, and the end point of
˜
γi being ci+1(ti) for i < k and x1 for i = k.

In the set of G-paths, we consider the equivalence relation generated by:

a) subdivision of partition and addition of the roots of identity at the new
points of division,

b) replacing ci by c
′
i = gi ◦ci where gi is an element of G defined on the image

of ci , of
˜
γi−1 by

˜
γ′i−1 = gi ◦

˜
γi−1 and of

˜
γi by

˜
γ′i =

˜
γi ◦ g−1i .

For example, if G is a pseudogroup generated by a rigid action of a group
Γ on V , then each equivalence class of G-paths c of origin x0 admits a unique
representative with k = 1, c1 : [0, 1] → V a path of origin x0, and γ0 the identity
in xo and γ1 source c1(1).

A small homotopy between two G-paths c0 and c1 given by the same partition
t0 ≤ t1 ≤ . . . ≤ tk is a continuous family of paths cs, s ∈ [0, 1], with the
same origin x0 and extremal point x1, given by homotopies csi : [ti−1, ti] → V
connecting c0i and c1i and

˜
γsi of the same element gi of G in csi (ti).
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Two G-paths with origin x0 and extremity x1 are homotopic if we can pass
from one to the other by a sequence of equivalence mentioned above and small
homotopies. A G-loop with base at x0 is a path with x0 as origin and extremity.

If a G-path c′ originates from the endpoint of a G-path c, then the composition
of the paths c and c′ is defined analogously to the composition ordinary paths.

Definition 11.4.2 (Fundamental Gorups). The fundamental group πorb1 (X) of
the orbi-space X is the group π1(G, x0) of the homotopy classes of the G-loops
bases at x0, where G is the pseudogroup of the transformation maps.

It is easy to verify that this definition is independent of isomorphism near the
choice of an atlas of standardising maps, and of the base point if X is path-
connected (i.e. if, given two points x0 and x1 of V , there exists a G-path of
origin x0 and end x1).

Example 11.4.3. a) If the orbi-space X is developpable, quotient of a sim-
ply connected space arcs X̃ by a proper and rigid action of a group Γ,
then Γ = πorb1 (X).

Indeed, if a pseudogroup G is generated by group Γ, operating in a rigid
way on a 1-connected space X̃, then π1(G, x0) is isomorphic to Γ. The
isomorphism maps to any G-string in x0, given by the ci and

˜
γi of the

elements γi of Γ, the composition γ0γ1 . . . γk.

b) In the case of Example 11.2.2, the fundamental group πorb1 (X) is specifi-
cally the group Γ = π1(U0, x0)/N ; we see that every G-loop is homotopic
to a loop in U0.

A criterion for the developability of an orbi-space X.

Assuming the sources Vi’s of the uniformising maps locally by simply connected
arc, we can reduce to the case where the Vi’s are simply connected; The group
Γi leaving fixed a point xi of Vi. Consider for each i a G-path ℓi with origin at
base point x0 and end at point xi. We have a homomorphism λi : Γi → Γ =
π1(G, x0) = πorb1 (X) corresponting to γ ∈ Γi the homotopy class of the G-loops
ℓi · γ · ℓ−1i , where γ is identified with the G-loop in xi with k = 1, c1 be the
constant loop in xi,

˜
γ0 = id. and

˜
γ1 = germ of γ in xi.

Lemma 11.4.4. X is developable if and only if each homomorphism λi : Γi → Γ
is injective.

This lemma is a generalization of Proposition 11.2.3. The proof consists of in
constructing the universal cover X̂ of X as an orbi-space as in the usual case
and then show that the hypothesis of the lemma implies that X̂ is a space, i.e.
an orbi-space defined by an atlas for which groups Γi are trivial.
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Let us define V̂ as the set of homotopy classes of G-paths with origin x0; it is
equipped with a projection p : V̂ → V matching the homotopy class of a G-path
at its endpoint. The fundamental group Γ acts freely on V̂ by composition. On
V̂ we have a natural topology which makes p : V̂ → V a Galois covering of
group Γ.

The connected components V γi of p−1(Vi) are homeomorphic to Vi and in-
dexed by the elements γ of Γ, the connected component containing the class of
ℓi being V

e
i and V γi = γ · V ei .

Any element g of the pseudogroup G is canonically raised relative to p ac-
cording to a local homeomorphism ĝ of V : if [c] is the homotopy class of the
G-path c, then ĝ([c]) is the homotopy class of the G-path obtained from c by
replacing the last germ

˜
γ by the composition ĝ

˜
γk. In particular the lift ĝ of an

element g of Γi is the homeomorphism of p−1(V ) = V × Γ whose projection on
the first factor is p and whose projection on the second factor is the right trans-
lation by γi(g). The lifts ĝ of the elements g of G generate a pseudogroup Ĝ of
transformations of V̂ . Its restriction to V γi is generated by the group Γγi forms
restrictions to Γγi of the lifts γ̂i of the elements γi of Γi leaving V

γ
i invariant.

This is the case if and only if γi belongs to the kernel of λi. We can therefore
see that the pseudogroup Ĝ is formed from the transformation of maps for an
orbi-space structure on X̂ = Ĝ\V̂ , the standardising maps being the maps of
passage to the quotient V γi → Uγi = Γγi \V

γ
i ⊂ X̂.

So the orbi-space X̂, universal covering of X is a space (i.e. an orbi-space
which can be defined by a single map which is a homeomorphism) if and only
if the λi are injective.

11.5 Proof of the Theorem

Suppose the orbi-space X is equipped with a metric of curvature K ≤ 0. A
piece-wise geodesic G-path c is a G-path in V =

⊔
Vi such that every piece

ci is a geodesic segment, proportional to length. It is clear that all G-path is
homotopic to a piecewise geodesic G-path with respect to its extremities.

A G-geodesic parameterised by [0, 1] is a G-path represented by a partition
0 = t0 ≤ t1 ≤ . . . ≤ tk = 1, the ci being proportionally parametrised geodesic
segments; moreover if

˜
γi is the germ in ci(ti) of an element gi of G, then the

pieces gi◦ci and ci+1 are locally connected in ci+1(yi) to form a geodesic segment
parametrised proportional to the length. Any G-path equivalent to a G-geodesic
is also a G-geodesic.
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The theorem will result from the following fact which is the analogous to
Theorem 10.2.5 of the previous chapter.

Lemma 11.5.1. Every homotopy class of G-paths with fixed ends contains a
unique G-geodesic up to equivalence.

This lemma does indeed imply the theorem, because according to Lemma
11.4.4, it suffices to show that each λi : Γi → Γ remains injective. We can
assume that the base point x0 is the point xi, the path ℓi being the constant
path. The G-path represented by the constant c1 : [0, 1] → {xi} and

˜
γ0 = germ

of the identity in xi, and
˜
γ1 = germ of gi in xi is obviously a G geodesic (of zero

length); it can only be homotopic to the constant G-path in xi (which is also a
G-geodesic) if gi = e; so λi is injective.

The proof of Lemma 11.5.1 consists in adapting to G-paths the Birkhoff pro-
cess used in the previous chapter to prove the analogous fact for spaces with
curvature K ≤ O.

As X is compact, we can choose a finite covering {Ui} of X and uniformising
maps πi : Vi → Ui whose sources are geodesic spaces with curvature K ≤ O. We
can also find relatively compact open sets V ′i in Vi such that V ′i is geodesically
convex and such that πi(V

′
i ) form a cover of X. The union G′ of the germs

of the elements of G of source and endpoints in V
′
=

⊔
Vi
′
is a compact space

(with the topology of germs). The separation of G′ results from the rigidity of
the orbi-space X. Since G′ is compact, there exists an ε > 0 such that

(a) every G-orbit contains a point which is the centre of a ball of radius ε
contained in V ′ =

⊔
Vi,

(b) any germ γ ∈ G′ of its source x in Vi
′
and endpoint y in Vj

′
is the germ

of an element of which is the isometry line of the ball with centre x and
radius ε on the ball of centre y point and of radius ε.

Let x0 and x1 be two points of V ′ such that the balls of radius ε centered
at these points are continuous in V ′. Let us fix an even integer N large
enough and consider the set S of G-paths c with origin x0 and extremity
x1 determined by a partition 0 = t0 < t1 < . . . < tN = 1 with ti =

i/N , each path ci being a geodesic segment contained in V
′
parametrised

proportionally to the length ℓi of this path which is assumed to be less
than or equal to ε/3. The length L(c) of c is the sum of the ℓi and its
energy E(c) is the sum of the ℓ2i . Such a path c is completely characterized
by a sequence of germs

˜
γ0,

˜
γ1, · · · ,

˜
γN of G′, so S is compact, since it is

closed in the compact G′N . Because of the choice of ε, two G-paths c and
c′ in S characterized by

˜
γ0,

˜
γ1, · · · ,

˜
γN and

˜
γ′0,

˜
γ′1, · · · ,

˜
γ′N are equivalent if

and only if there exist elements g1, · · · , gN ∈ G, where gi is defined on the
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geodesic segment connecting the goal of
˜
γi−1 to the source of

˜
γi such that

˜
γ′0 = g1 ·

˜
γ0,

˜
γ′i = gi+1 ·

˜
γi · g−1i for 0 < i < N , and

˜
γ′N =

˜
γ′N · g−1N . The

quotient S of S by this equivalence relation is separable, hence compact.
The length and energy functions are well defined and continuous on the
quotient S of S.

Birkhoff’s process D is also well defined and continuous on S. Given c
in S, then characterizes

˜
γ′0, · · ·

˜
γN in S, then D1(c) for example (see the

proof of Lemma 10.2.1 of the Chapter 10) can be defined as follows.

For each odd number 2i+ 1 between 0 and N , the element
˜
γ2i+l is the

germ of an element g2i+1 defined on the whole ball of radius ε centred in
the source of

˜
γ2i+1. Let

˜
γ′2i+1 be the germ of g2i+1 at the midpoint of the

geodesic segment joining the endpoint of
˜
γ2i to the image by g−12i+1 of the

source of
˜
γ2i+2. Let us take

˜
γ′2i =

˜
γ2i. A sequence

˜
γ′0, . . . ,

˜
γ′N determines

a piecewise G-geodesic path equivalent to an element of S and whose class
in S will be D1(c).

Starting from the class c in S from a G-path c in S, we can find a
subsequence Dnk(c) in S converging to c0. We check as in the previous
chapter that c0 is the equivalence class of a G-geodesic path.

To show the near-equivalence uniqueness of a G-geodesic path with ori-
gin x0 and end x1 in a given homotopy class, consider two such G-geodesic
paths c0 and c1. If N is large enough, there is a continuous path s→ cs in
S parameterized by s ∈ [0, 1] connecting equivalence class c0 of c0 to that
of c1. By applying the iterated Birkhoff procedure to each cs and passing
to a subsequence, we find in the limit a homotopy of equivalence class of
G-geodesic paths connecting c0 to c1. We show as in the previous chapter
that this family is necessarily constant.
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Torsion groups

Etienne Ghys and Pierre de la Harpe

In 1902, Burnside asked the following two questions. Let Γ be a finitely
generated group.

(1) If Γ is a torsion group, that is, if all the elements of Γ are of finite order,
is Γ finite? (general Burnside problem).

(2) If there exists an integer n > 1 such that every element γ ∈ Γ satisfies
γn = e, is the group Γ finite? (restricted Burnside problem).

Burnside quickly gives two partial answers: answer to question (2) is affir-
mative if n ≤ 3 or when we suppose that Γ is a group of complex matrices. A
little later, Schur shows that the answer to question (1) is affirmative for matrix
groups [CR06].

In 1965, Golod and Safarevic show that the answer to question (1) is negative
[Gol64]. Today we know more elementary constructions [Gri80].

As for the restricted problem, its negative solution (for sufficiently large odd
n) was announced by Novikov in 1959 [Nov59], then detailed by Novikov and
Adian in 1968 [AWL79]. The proofs are extremely complex; they have been
simplified by Olshanski [Ol] but they remain difficult. In the current state of
our knowledge, we do not know for which values of n the restricted Burnside
problem has a positive solution. We can consult [Gup89] for the state of the
question.
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Since their enunciation, Burnside’s problems have been a constant source
of motivation in combinatorial group theory. The interest of the construction
methods developed so far exceeds that of the goal initially sought. It is impor-
tant to understand and simplify these methods further.

The context of hyperbolic groups and polyhedra of negative curvature fits this
“geometric” method of constructing torsion groups, as this chapter proposes to
show. The geometric method of M. Gromov seems interesting to us from several
points of view. First of all, it is extremely natural, and its main steps are
easily remembered. Then Gromov shows in [Gro87a] that any non-elementary
hyperbolic group Γ (in the sense of Proposition 7.5.1 has infinite quotients which
are torsion groups, even if we limit ourselves here to the case where Γ is the
fundamental group of a polyhedron of dimension 2 with negative curvature. This
allows M. Gromov to obtain counterexamples to the “Von Neumann question”
on amenable groups (see Theorem 1.4.17). Finally, we can hope that this method
will be generalized to give an “accessible and geometric” proof of the Novikov-
Adian theorem; “but, here, geometry still lags behind algebra” (quote from
[Gro87a], page 79).

In the first section, we show that the considerations of Chapter 10, Section
10.3, in the particular case of 2-dimensional polyhedra, generalize easily when
we admit that the 2-simplices are isometric with triangles in hyperbolic space
model M2

χ, where the curvature is allowed to change from simplex to simplex.
This will allow more flexibility in the next section to make local modifications
to the metric.

In Section 12.2, we explain Gromov’s construction in the case of 2-dimensional
polyhedra with strictly negative curvature.

The last section ends with a few more general remarks.

12.1 Reminder and Complements

We consider finitely generated polyhedra P of dimension 2 whose each face ∆ is
isometric to a convex geodesic polygon in a hyperbolic plane M2

χ(∆) of constant

negative curvature, χ(∆) dependent on ∆. We assume that the lengths of the
common edges are equal. We equip P with the metric such that the distance
between two points is the lower limit of the lengths of the paths connecting
these two points. We will call such a given metric a 2- dimensional polyhedron.
For any point p of P , as we define in Chapter 10, Section 10.3, the set Dp of
the directions of the geodesics resulting from p, called here the link of p. It is
endowed with a natural angular metric.
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Proposition 12.1.1. A curve ℓ : [a, b] → P parameterized by arc length is
(locally) a geodesic if and only if, for any point p ∈]a, b [ , the two directions in
Dp determined by ℓ are at a distance ≥ π (this will be the case in particular if
they are in different connected components).

Proof. By subdividing P into geodesic triangles, we can always assume that p
is a vertex of a triangulation. Let Ep be the star of p, i.e. the union of simplices
having p as vertex. Let v be the projection of Ep−{p} on Dp corresponding to
a point q in the direction of the geodesic segment joining p to q in the simplex
containing q. Let c be a geodesic segment in Ep not passing through p. Its
projection by v is a point or a segment embedded in Dp. Its length is less
than π; we see it as in Theorem 10.3.1 of Chapter 10 by expanding in the
space of constant curvature M2

χ the sequence of the sub-triangles cut by c and
the geodesic segments resulting from p , where χ is the upper bound of the
curvatures of the simplices of P .

Suppose that ℓ is a small geodesic segment passing through p; it will cut Ep
along two geodesic ray r−and r+ issued from p and corresponding to the two
determined directions v−and v+ by ℓ in Dp.

Suppose that the angular distance between v− and v+ is ≥ π. If ℓ was not
minimizing at p, we could find a small geodesic segment c in Ep − {p} joining
a point of r− to a point of r+ and whose projection in Dp would be a segment
connecting v− to v+, therefore of length < π, which contradicts the hypothesis
.

Now suppose that the distance between v−and. v+ is < π. We can find a
sequence of points q0, . . . , qn in Ep − {p} such that two consecutive points qi
and qi+1 are on a geodesic segment ci contained in the same simplex of Ep, such
that q0 and qn are located on r− and r+ and such that the sum of the lengths
of the images by v of the segments ci be the distance from v− to v+. Let ∆i

be the sub-triangle of vertices p, qi−1, qi in Ep and let ∆i be the comparison
triangle in M2

χ . We can choose the points qi close enough to p so that the sum

of the angles of the ∆i in p is < π. By gluing the ∆i successively along their
common side, we obtain a polygon Π in M2

χ whose vertex angle p is < π. If q0
′

and qn
′ are two points on sides [p, q0] and [p, qn] of Π close enough to p so that

the segment between them joint is in Π, it will result that the corresponding
points q′0 and q′1 on the image of ℓ will be at a lower distance in Ep than the
sum of the distances from q′0 to p and q′1 to p. This, therefore, shows that ℓ is
not a local geodesic.

The following proposition is the analog of Theorem 10.3.1 from Chapter 10.
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Proposition 12.1.2. Let P be a metric polyhedron of dimension 2. The fol-
lowing two statements are equivalent:

(a) P has curvature ≤ χ,

(b) the curvature χ(∆) of each face ∆ of P verifies χ(∆) ≤ χ and, for all p,
a simple closed curve in the link Dp is of length ≥ 2π.

Proof. (a) implies (b). It is clear that for any face ∆ we have χ(∆) ≤ χ. If
the condition on the link of a point p was not satisfied, one could construct
in a small neighborhood of p two distinct geodesic segments with the same
extremities (see the proof of the previous proposition); this would contradict
the inequality CAT(χ).

(b) implies (a). To simplify, we will demonstrate in the case χ ≤ 0 (to
avoid assuming each time that the geodesic triangles considered have perimeter
< 2π/

√
χ ). Let p be a point of P . As above, we can always assume that p is

a vertex of a geodesic triangulation. It will suffice to show that any geodesic
triangle contained in a ball Bp of center p of fairly small radius contained in the
star Ep of vertex p satisfies the inequality CAT(χ).

We use the notations of Proposition 12.1.1. As we have noticed, the image
by v of a geodesic segment c in Ep−{p} is a segment embedded in Dp of length
< π. Moreover, it is a geodesic segment in Dp because, due to the assumption
on Dp, an open ball of radius < π in Dp is a tree. Let us denote the union
of the geodesic segments coming from p and ending at the points of c by ∆(c);
it is a locally convex subspace of Ep because if ℓ is a geodesic segment joining
two points of ∆(c) different from p, then v(ℓ) is contained in v(c). As ∆(c) is
homeomorphic to a triangle and is the union of triangles satisfying the inequality
CAT∗(χ) (see Chapter 10 Section 4) and glued successively along d ’a geodesic
segment, it also satisfies the inequality CAT∗(χ) according to Corollary 10.1.5
of Chapter 10.

Consider a geodesic triangle with sides a, b, c in Ep. If p belongs to one of the
sides of the triangle, the previous reasoning shows that it satisfies the inequality
CAT∗(χ). Suppose that p is not on one of the sides of the triangle. If the sum
of the angular lengths of v(a), v(b) and v(c) is ≥ π, the reasoning of Section 10.3
Chapter 10 shows that it checks the inequality CAT∗(χ). If this sum is < π, then
the image by v of the triangle (a, b, c) is a geodesic triangle in a tree. We verify as
above that the union of ∆(a),∆(b) and ∆(c) is a geodesically convex subspace,
that it is the union of two geodesically convex subspaces whose convex geodesic
triangles satisfies the inequality CAT∗(χ) and whose intersection is geodesically
convex. Just apply the Corollary 10.1.5 of Chapter 10 again.
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Geodesically Complete Space. A geodesic metric space is geodesically
complete (“unrestricted” in Gromov’s terminology) if any geodesic segment can
be extended indefinitely in either direction. In the case of a metric polyhedron,
this will be the case if and only if, in the link of each point, for any point w,
there exists a point w′ whose angular distance at w is ≥ π (see Proposition
12.1.1).

An orbi-space X is geodesically complete if any G-geodesic segment (where
G is the pseudogroup of map changes, see Definition 11.1.1) can be extended
indefinitely in both directions.

Proposition 12.1.3. Let X be a geodesically complete compact orbi-space with
curvature ≤ 0. Then πorb

1 (X) is infinite. In any free homotopy class of a G-loop
representing an element of infinite order, there always exists a closed G-geodesic
of positive length.

Proof. According to Chapter 11, Theorem 11.3.1, X is the quotient by Γ =
πorb
1 (X) of a space X̃ with curvature ≤ 0 and geodesically complete on which

Γ operates properly. Any complete geodesic ℓ : R → X̃ is minimizing, hence
proper. It follows from this that X̃ is not compact and therefore that Γ is
infinite.

Birkhoff’s procedure applied to a closed G-path in the free homotopy class
of an element α of πorb

1 (X) gives a G closed geodesic (see Chapter 11 Section
11.5). This G-geodesic, raised in the universal covering X̃ of X, has a non-zero
length if α is of infinite order, otherwise it would be reduced to a point x of X
and α would be conjugate to an element of the stability subgroup of this point.

12.2 Gromov’s Construction

The idea is to start from a finite geodesically complete hyperbolic polyhedron
P of dimension 2 with curvature ≤ χ < 0. Thus its fundamental group is
an infinite hyperbolic group. Let α be an element of infinite order of this
group whose free homotopy class is represented by a closed geodesic ℓ. One can
obtain an orbi-space P1 by pasting along ℓ the base of an orbi-cone of order k;
the fundamental group of P1 is the quotient of π1(P ) by the normal subgroup
generated by αk. We will show that the orbi-space P1 still has negative curvature
if k is large enough and this construction can be iterated indefinitely. We will
thus obtain in the limit a quotient of π1(P ) which is infinite and of torsion.

More precisely, we will show the following theorem.
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Theorem 12.2.1. Let P be a metric orbi-hedron of dimension 2 whose each face
∆ is isometric in a convex polygon of dimension 2 in the hyperbolic planeM2

λ(∆),

the only singular points of P (as orbi-space) being conic points of odd orders,
obtained by taking the quotient of a polygon in a hyperbolic plane by a group
of rotations of odd order. Let P be an orbi-space with curvature ≤ χ < 0 and
geodesically complete. Then there exists an infinite order quotient of πorb

1 (P )
all of whose elements are torsion groups.

Proof. Let ℓ be a closed G-geodesic parameterized by the arc length in the
conjugacy class of an element α of πorb

1 (P ). We assume that α is of infinite
and primitive order, i.e., it is not a nontrivial power of an element. At first
we will suppose that ℓ does not meet any conical point and therefore that ℓ is
represented by a closed and non-multiple geodesic in the ordinary sense in the
regular part of P . We will show in the following manner how we can always
reduce to this case.

Let us then construct an orbi-space P1 by pasting along ℓ the base of an
orbi-cone of order k. More precisely, as a topological space, P1 is the cone of
the map ℓ of the circle in P , obtained by taking the disjoint union of P and a
2-disk D and pasting the edge of D to P by the map ℓ. Note that it is possible
for ℓ to have self-intersections. For the orbi-space structure, we add a conical
point of order k to the center of D.

We are going to show that if k is chosen large enough, we can redefine on P1

a metric of curvature ≤ χ′ < 0.

First we subdivide P by adding geodesic arcs to obtain an orbi-hedron P ′

such that the image of ℓ is a subcomplex of P ′ and that each conical point
of P ′ is inside a face. Without modifying the length of the edges of P ′. we
change the metric on each face ∆ of P ′ so that the constant curvature is equal
to χ′(∆) = λχ(∆) where λ is a real such that 0 < λ < 1/2 which we will
choose later. For this new metric, the angles of ∆ are strictly larger than
before according to Toponogov’s inequality (see Chapter 3 ). There thus exists
a ε > 0 (independent of the choice of λ) such that all the angles of the triangles
increase by at least ε. So with this new metric, P ′ is still negative curvature
≤ χ′ = sup∆ χ

′(∆) , and ℓ remains a fortiori a geodesic (see Proposition 12.1.1).

If λ is small enough and the integer k is large enough, there is a regular
polygon V with k sides, of length equal to the length of ℓ, contained in the
hyperbolic space M2

χ′ , such that any angle between two consecutive sides is
greater than π − ε. The group of rotations of order k operates on V and the
quotient U is a hyperbolic orbi-cone. We choose the map of the boundary of
U in P which is a local isometry traversing the geodesic ℓ and applying the
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class of vertices from the edge of V on a vertex p′ of P ′ which is not a point of
self-intersection of ℓ. We add as many vertices as necessary so that the isometry
of the edge of U in P ′ is simplicial, and we extend this triangulation to V in an
equivariant way according to the action of the group rotations of order k, the
new conical centre point of V being inside a face.

To verify that the orbi-hedron P1 has, for the previously defined metric, a
curvature ≤ χ′, it suffices to verify that the condition on the link of the vertex
p′ is satisfied (see Proposition 12.1.2). This link Dp′ is the union of the link
D′p′ of p′ in P ′ and an arc A of angular length > π − ε corresponding to the
interior angle of the polygon V ; the intersection of D′p′ with A is formed by the
two points v− and v+ determined by ℓ. If a curve embedded in Dp′ joining v−
to v+ is contained in D′p′ , its length is > π + ε. So any closed curve embedded
in Dp′ has a length greater than 2π.

How to avoid conical points. We still have to show how we can modify
the metric on P so that the geodesic ℓ does not meet the conic points. This will
always be possible if all the orders of the conical points are odd.

Suppose that the geodesic passes through the conic point y of order n which
is the image in P of the centre of a hyperbolic polygon V with n sides by a
uniformizing map π : V → U , where U is the quotient of V by the group Cn of
rotations of order n of V . The part of ℓ in U is the union of distinct segments,
each rising along a geodesic segment ℓi in V . Suppose that some of the ℓi pass
through the center y of V . Consider a regular polygon Π centered at y in V ,
whose image in U is contained in the interior of a triangle, and which is invariant
by the group of rotations of order n and moreover which only meets the geodesic
segments ℓi passing through y. We further suppose that these segments meet
the boundary of Π at points xi0 and xi1 located inside the edges

[
ui0, v

i
0

]
and[

ui1, v
i
1

]
of Π.

Choose small geodesic triangles ∆i
0 =

(
ui0, v

i
0, w

i
0

)
and ∆i

1 =
(
ui1, v

i
1, w

i
1

)
bisecting ℓi at x

i
0 and xi1, each having a vertex wi0 and wi1 sur ℓi on either side

of xi0 and xi1 as shown in the figure. We make these choices invariantly by the
action of the group of rotations of order n and so that all these triangles are
disjoint (this is possible because k is odd) and do not meet the other ℓj .

For each conical point, we make the same construction and we triangulate by
geodesic subdivision the complement P0 of the union of the polygons Π so that
the part of the image of ℓ in P0 is a subcomplex and that the triangles ∆i

0 and
∆i

1 are union of two triangles.

Let xi0(t) and x
i
1(t) be points running along the sides

[
ui0, v

i
0

]
and

[
ui1, v

i
1

]
located

on the same side of ℓi and such that xi0(0) = xi0 and xi1(0) = xi1, this in an
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equivariant way with respect to Cn. For any small t, consider the triangulation
Tt obtained from the previous triangulation of P0 by replacing for each i the
triangles ∆i

0 and ∆i
1 by the union of the triangular

∆i′

0 (t) =
(
wi0, u

i
0, x

i
0(t)

)
, ∆i′′

0 (t) =
(
wi0, v

i
0, x

i
0(t)

)
,

and
∆i′

1 (t) =
(
wi1, u

i
1, x

i
1(t)

)
, ∆i′′

1 (t) =
(
wi1, v

i
1, x

i
1(t)

)
.

Without changing the length of the edges, let’s modify the metric inside each
simplex of Tt so that the curvature is halved. In each polygon Π we leave the
curvature unchanged. Then, if t is small enough, there exists a ε > 0 such
that all the angles of these triangles increase by at least ε. Let’s build a new
segment ℓi(t) in P by replacing the segment

[
wi0, w

i
1

]
of ℓi by the union of the

3 geodesic segments
[
wi0, x

i
0(t)

]
,
[
xi0(t), x

i
1(t)

]
and

[
xi1(t), w

i
1

]
. It is clear that

this new segment does not pass through the center y of V . If t is small enough,
the angles on each side of ℓi(t) at points wi0, x

i
0(t), x

i
1(t) and wi1 are greater to

π + ε (because it is true for t = 0), so ℓi(t) is a geodesic segment for t that is
quite small. We repeat this same operation for all the segments of ℓ meeting a
conical point. We extend the triangulation Tt to P by arranging for the conical
points to be inside simplices and for the image of the new geodesic ℓ(t) to be a
subcomplex. We can then proceed as before.

End of the demonstration. Let P be a 2-dimensional orbi-hedron with
negative curvature as in the statement of Theorem 12.2.1. Let α1, α2, . . . be a
complete list of its elements (repetitions are allowed). Let αi be the first element
of infinite order in this list. Let us apply the previous construction for a primitive
element βi whose power is equal to αi. We obtain an orbi-space P1 of negative
curvature by gluing the base of an orbi-cone of odd order k1 large enough along
a closed curve in the free homotopy class of βi. Its fundamental group is the
quotient of that of P by the normal subgroup generated by (βi)

k1 (this follows
from Theorem 11.3.1 and Proposition 11.2.3 of the previous chapter).

Let us consider the list (with repetitions) of the elements of πorb
1 (P1) by

taking the image of the preceding sequence by passing to the quotient. As P1
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verifies the same hypotheses as P , we can repeat the previous construction.
We thus obtain an orbi-space P2, and so on. The construction can be iterated
indefinitely because a hyperbolic group of infinite order cannot be of torsion
(see Proposition 9.1.12).

We therefore have a sequence of orbi-spaces with negative curvature

P = P0, P1, P2 . . .

the fundamental group Γi of each Pi being a quotient of the previous one.

Let Γ be the direct limit of the groups Γi = πorb
1 (Pi). It is a quotient of the

fundamental group of P ; all of its elements are torsion. Moreover, it is infinite.
Indeed, two distinct conical points in Pi correspond to distinct conjugation
classes in Γi and the number of conical points increases indefinitely.

12.3 Comments and Remarks

At each stage of the construction, we can choose the order of the orbi-cone
that we glue together provided that this order is a large enough odd integer.
It follows that the group πorb

1 (P ) has an uncountably infinite non-isomorphic
quotient of infinite order all of whose elements are torsion.

The previous proof was described in the context of 2-dimensional orbi-hedrons
with negative curvature. According to Gromov, this same construction can be
done with more general negative curvature orbi-spaces. In particular, the initial
orbi-hedron P can be replaced by a compact manifold of arbitrary dimension
with negative curvature. We have not explained the details of this more general
construction, but we nevertheless state the result.

Theorem 12.3.1. The fundamental group of a compact manifold with negative
curvature has uncountably infinite of infinite torsion quotients.

Let M be a locally compact manifold isometric to the quaternionien hyper-
bolic space. The fundamental group of M has the Kazhdan property T (see
[KaZ] and [HaV] ). We do not repeat the definition of this property but two of
its consequences:

(1) a discrete group having the property T is not amenable,

(2) a quotient of a group having the property T also satisfies the property T .
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The previous theorem applied to M immediately gives the following corollar-
ies, the first of which answers a question of Kazhdan [Kaz] and the second of
which answers a “question of von Neumann”.

Corollary 12.3.2. There exists an uncountably infinite of finitely generated
groups having the property T . In particular, there are groups having the property
T which are not of finite presentation.

Corollary 12.3.3. There exist finitely generated non-amenable groups all of
whose elements are torsion and, in particular, do not contain any free two-
generator subgroups.
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Chapter 13

Appendix. Small
Cancellation Groups

Ralph Strebel

This appendix serves two goals. The first is to explain some of the basic no-
tions, constructions and results of the theory of small cancellation groups, such
as the usual cancellation hypotheses, the construction of diagrams or Dehn’s
algorithm for solving the word problem. The second goal is to study in detail
geodesic triangles in the Cayley graph of a group admitting a finite presentation
satisfying C ′(1/6), or C ′(1/4) and T (4). This study will show that such a group
is hyperbolic and will provide a good estimate for Rips’ constant δ.

13.1 Cancellation Hypothesis

Let Γ be a group and let ⟨S;R⟩ be a presentation of Γ. This means that S is a
basis of a free group F (S), that R is a set of words on S ∪ S−1, and that there
is an epimorphism π : F (S) −→ Γ whose kernel is the normal closure of the
subset {[r] | r ∈ R} of F (S). The elements of R are called defining relators of
the presentation ⟨S;R⟩. In the sequel we shall always assume that each r ∈ R
is a non-empty and cyclically reduced word, i.e. that no subword of the form
ss−1 or s−1s, with s ∈ S, occurs in r or in a cyclic permutation of r.

1.- Comments. The elements of the free group F (S) are equivalence classes of
words in S ∪ S−1. In practice, however, the distinction between a word w and
the equivalence class [w] represented by w is seldom maintained. In particular,
S is often regarded as a subset of F (S). Similarly, the defining relators are
usually considered to be elements of F (S). In what follows we shall part with
this tradition and insist that the defining relators are words, and that words
represent elements of F (S).
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The set S̄ = {π([s]) | s ∈ S} generates Γ but it may not satisfy the requirements
imposed on a generating set in §2 of Chapter 1 . Indeed, if ⟨S;R⟩ satisfies one of
the usual small cancellation hypotheses and if s occurs in a relator distinct from
s or s2, then S̄ does not contain π([s])−1, and so S̄ is not symmetric. Secondly,
if the group Γ is defined by the presentation ⟨S;R⟩ it is in general not known
at the outset whether π | {[s] | s ∈ S} is injective or whether 1 is in S̄; this
may only be known at a later stage. Finally the assumption that S be finite is
not needed for most of the results to follow and so we shall make it only when
needed. Similarly, R can be allowed to be infinite for most of the results.

13.1.1 Conditions C ′(λ), C(p) and T (q)

Intuitively speaking, conditions C ′(λ) and C(p) require that there be little can-
cellation when the product of two defining relators is simplified, i.e. freely
reduced. To state the precise definitions we introduce the notions of the sym-
metrization of R and of a piece. The symmetrization R∗ consists of all distinct
cyclic permutations of the defining relators r and of their inverses r−1. A word
u is termed a piece relative to R if u is a common prefix of two distinct words
of R∗, i.e. if R∗ contains two distinct elements of the form uv′ and uv′′. The
length of a word w, i.e. the number of letters in w, will be denoted by |w|.

Definition 13.1.1. Let λ be a positive real. R satisfies condition C ′(λ) if the
inequality

|u| < λ · |r|

holds for every r ∈ R∗ and every prefix u of r which is a piece.

Definition 13.1.2. Let p be a natural number. Then R satisfies condition C(p)
if no element of R∗ is a product of less than p pieces.

Remark 13.1.3. (i) Often used values of λ are 1/4, 1/6 or 1/8. A group is called a
fourth-group, sixth-group or eigth-group, respectively, if it admits a presentation
⟨S′;R⟩ where R satisfies C ′(1/4), C ′(1/6) or C ′(1/8), respectively.

(ii) Condition C ′(λ) is sometimes referred to as metric, while C(p) is referred
to as non-metric. Notice that C ′(1/n) implies C(n+ 1); in particular, C ′(1/6)
implies C(7).

(iii) If u is a piece, so is every prefix of u and of u−1.

There is a third cancellation condition; in contrast to the first two it is only
used in connection with either a C ′(λ) or a C(p) condition.

Definition 13.1.4. Let q be a natural number greater than 2. Then R is said
to satisfy condition T (q) if for every ℓ ∈ {3, 4, . . . , q − 1} and every sequence
(r1, r2, . . . , rℓ) of elements in R∗ the following implication holds:{

If r1 ̸= r−12 , . . . , rℓ−1 ̸= r−1ℓ and rℓ ̸= r−11 then at least
one of the products r1r2, . . . , rℓ−1rℓ, rℓr1 is freely reduced.
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Notice that every R satisfies T (3).

We close this subsection with a remark. R.C. Lyndon and C.M. Weinbaum
initiated in 1966 the geometric approach to small cancellation theory. One
of the advantages of the geometric over the older combinatorial approach is
that the cancellation conditions C(p) and T (q) have a concrete interpretation
(cf. Proposition 19): In the geometric approach certain tesselated discs play an
important rôle. Condition C(p) implies that every interior face of the tesselation
has at least p sides, while condition T (q) ensures that each interior vertex has
degree at least q.

13.1.2 Some Examples

The first two examples in our collection are the standard presentations of the
infinite surface groups.

Example 13.1.5. Assume g ≥ 1, S = {a1, b1, . . . , ag, bg} and

R =
{
a1b1a

−1
1 b−11 a2b2a

−1
2 b−12 . . . agbga

−1
g b−1g

}
.

Then the symmetrized set R∗ has 8g elements. The empty word and every letter
in S ∪ S−1 is a piece, but no word of length 2 is one. So it follows from the
definitions that R satisfies C ′(1/(4g − 1)) and C(4g). Moreover, T (4g) holds.

Example 13.1.6. Assume k ≥ 2, S = {a1, a2, . . . , ak} and

R =
{
a21a

2
2 . . . a

2
k

}
.

Then every letter, but no word of length 2 is a piece, and R satisfies C ′(1/(2k−
1)), C(2k) and T (2k).

An exceptional case is exhibited by the next example.

Example 13.1.7. Assume m ≥ 1, S = {s} and R = {sm}. Then the empty
word is the only piece and R satisfies C ′(λ), C(p) and T (q) for arbitrary λ, p
and q.

This example can be generalized in two directions, leading to one-relator pre-
sentations of groups that have torsion, and to free products.

Example 13.1.8. Assume m > 1, S is arbitrary and R = {zm}, where z is
not a power of a shorter word. Then a piece must be a proper prefix of z or of
z−1. This implies that R satisfies C ′(1/m) and C(m + 1). In [Pr2] S.J. Pride
proves that R satisfies the stronger condition C(2m). But R need not satisfy
C ′(1/(m + 1)); this can be seen by taking z = alb and noting that al−1 is a
piece.

Example 13.1.9. Assume S is the disjoint union of S1 and S2, and R = R1∪R2

with Ri a set of words in Si ∪ S−1i . Then R satisfies the weaker of the small
cancellation conditions C ′(λ), C(p) and C ′(q) satisfied by R1 and R2.
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We conclude our list of examples with a construction, due to E. Rips [Rip82].
This construction can be used to produce examples of finitely presented small
cancellation groups with bad properties.

11.- Construction. Let G be a group admitting a finite presentation, say
⟨S1;R1⟩. Let a, b be elements outside S1 and set S = {a, b} ∪ S1.

Choose for each s ∈ S1 four words us,+, us,−, vs,+ and vs,−, and for each r ∈ R1

a word wr in
{
a, a−1, b, b−1

}
. Define R to be the set consisting of the five types

of relators
sas−1us,+, s

−1asus,−, sbs
−1vs,+, s

−1bsvs,−, rwr

with s ranging over S1 and r ranging over R1. Finally declare Γ to be the group
given by the finite presentation ⟨S;R⟩.
The subgroup N of Γ generated by the canonical images of a and b in Γ is
normal because of the first four types of relators of R, and the quotient Γ/N
is isomorphic to G. These statements are true for every choice of the words
us,+, . . . , wr. By choosing them judiciously one can achieve that R satisfies
C ′(λ) for arbitrarily small, preassigned λ. Indeed, each of the words can be
chosen to be of the form

ambam+1b . . . bam+k−1bam+k,

where m and k are large positive integers. This shows that, for any finitely
presented group G and for any λ > 0, there exists a short exact sequence

1 −→ N −→ Γ −→ G −→ 1

where Γ has a presentation satisfying condition C ′(λ) and where N is finitely
generated.
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[Gro00] Mikhäıl Gromov. Three remarks on geodesic dynamics and funda-
mental group. Enseign. Math. (2), 46(3-4):391–402, 2000.

[GS90] Steve M Gersten and HB Short. Small cancellation theory and auto-
matic groups. Inventiones mathematicae, 102(1):305–334, 1990.

Bibliography 197



Hyperbolic Groups

[Gup89] Narain Gupta. On groups in which every element has finite order.
The American Mathematical Monthly, 96(4):297–308, 1989.

[Har82] Philip Hartman. Ordinary differential equations. Birkhäuser, Boston,
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des espaces symétriques de rang un. Annals of Mathematics, pages
1–60, 1989.

[Pau89] Frédéric Paulin. Points fixes des automorphismes de groupe hyper-
bolique. In Annales de l’institut Fourier, volume 39, pages 651–662,
1989.

[Pav89] Marco Pavone. Boundaries of discrete groups, toeplitz operators, and
extensions of the reduced C*-Algebra. University of California, Berke-
ley, 1989.

[Pre43] Alexandre Preissmann. Quelques propriétés globales des espaces de
Riemann. Comment. Math. Helv., 15:175–216, 1943.
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